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Discrete Mathematics
Functions

1. Define function.
Solution:
Let X and Y be any two sets. A relation f from X to Y is called a function if for
every x € X thereisauniquey € Y suchthat (x,y) € f.

2. Check whether the following sets define a function or not?. If so, give their
domain and range in each other.
{(1,(2,3)),(2,(3,4)), (3, (1,4)), (4, (1,4))}
Solution:
Let g(1) = (2,3),9(2) = (34),9(3) = (1,4),9(4) = (1,4)
Clearly each element of domain has an unique image and hence a function.
Range is {(2,3),(3,4), (1,4)} which is again function f is defined by
f(2)=3,f(3) =4, f(1) = 4 withdomain {1,2,3} and range {3,4}.

3. Determine whether f: Z — Z defined by f(x) = x + 1 are one to one and
onto.
Solution:
i)
f&)=f®)
x+1=y+1=>x=y
fis one to one
ii) For every element x € Z there exists an integer x + 1 such that
fx+1)=x+1+1=x+2¢€Z
Every element has a pre-image.
f is onto
from (i) and (ii) f is bijection.

4. Define composition of function.
Let X,Y and Z are sets and that f: X —» Y and g: Y = Z are functions. The

composite relation gof: X > Z such that (gof)(x) = g(f(x)) for every x € X.

5. Define identity map
A mapping I,: X = X is called an identity map if I, = {(x, x)/ xe X}

6. fX=1{1,2,3}andf: X - Xand g: X - X isgiven by
f=1{1,2),(2,3),3,1)},g ={(1,2),(2,1),(3,3)} find fog and gof.
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Solution:

fog ={(13),(2,2),3,1)}
gof = {(1,1),(2,3),(3,2)}
~ fog # gof

7. If f:R > Rand g: R - R where R is the set of real numbers. Find fog and
gofiff(x) =x2-2,g(x) = x+4.
Solution:
(fog)(x) = flg(X)] = f(x+4) = (x+4)> -2 = x2+16+8x—2
= x> +8x+ 14
(goN(x) = glf ()] = g(x* =2) = x* =2+ 4 = x> +2

8. If f:Z > Z* defined by f(x) = x? — 2.Find 1

Solution:
i) f=f=>x*-2 = y*-2=x%=y?
=X = y.
~ fisonetoone
i) Every element has unique pre-image.
~ fis onto
let f(x) = y,y=x%2-2
x = ,Jy+2
Sl x)=Vx + 2

9. Showthat f(x) = x3,g(x) = x"/3 for x € R are inverses of one another.
Solution:

(fog) (@) = f(g(x)) = f(x1/3) = (x1/3)3 =x= I

(go)(@) = g(f(0) = g(x) = ) B =x= I,
~f =gtorg = f7

10. If f, g be functions from N to N is the set of natural numbers so that
f(m) = n+1,g(n) = 2n,Find fog and gof.
Solution:
(fog)(n) = f(g(m)) = f(2n) = 2n+1
(goH)(m) = g(f(m) = gln+ 1) = 2(n+1)

11. Define Commutative property
A binary operation f: X X X — X is said to be commutative if for every

x,y €X,f(x,y) = f(¥x).

12. Show that x * y = x7 is a binary operation on the set of positive integers.
Determine whether * is commutative.
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Solution:
letx,y € Z*
xxy = xY € Z*t
~ x is a binary operation on the set of positive integers.
yrx =y =axr#y”
SXXY FOYEX.
* is not commutative.

13. Find the identity element of the group of integers with the binary operation *
definedbyasb=a+b—-2,a,b € Z
Solution:
The binary operation * defined by
axb=a+b—-2
Let e € Z be the identity element then
axe = exa=a
ate—2 =a
~e = 2€Zistheidentity element.

14. What are the identity and inverse elements under * defined by
ab

axb= - a,be R.
Solution:

The binary operation * defined as
b ab
a *x = —
2
Let e € R be the identity element then
axe = exa=a

ae
5 = a=>e = 2.

- e = 2 isthe identity element.
Let b € R be theinverse elementof a € R then
axb = bxa=e

4

®=25p=12
2 a

4 . .
s~ b =- istheinverse of a.
a

15. Define Characteristic function.
Let U be a universal set and A be a subset of U.
The function y4: U = {0,1} defined by

1l,if x € A, . .
Xa(x) = {0' ifx ¢ A is called characteristic function.

16. Showthat 4 = A by using characteristic function.
Solution:

x7(0) =1—xa(x) =1— (1= xa(x)) = xa(x)
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17. What is the use of Hashing function.
Hashing functions is used to generate key to a address in memory location for
the files to store in random order so that files can be quickly located. The
Hashing function used here is h (k) = k (mod m) where m is the number of
available memory locations.

18. Define Primitive Recursion function
A function is called primitive recursive iff it can be obtained from the initial
functions by a finite number of operations of composition and recursion.

19. Show that the function f(x,y) = x + y s a primitive recursive.
Solution:
f(x,0) = x = Ul(x).(Using projection function)
fx,y+1)= x+y+1=5(x+y) (Using successer function)
= S(f(x,y)) = S(U3(x,y, f(x,¥))) (Using projection function)
hence f(x,y) = x + yisrecursive and as it is obtained by initial functions by a
finite number of operations of composition and recursion.
~ f(x,y) = x+yis aprimitive recursive function.

20. Define Permutation and transposition.
A bijection from a set A to itself is called a permutation of A. A cycle of length
2 is called a transposition.

21.If f:A - B and g: B — C are mappings and gof : A — C is one-to-one, prove
that f is one-to-one.
Solution:
vx € A,(gof)(x) = (gof)(y) = x = y since gof is one to one.
Consider f(x) = f(y) = (gof)(x) = (gof)()
> x =y
~f)=f) = x=y

Hence f is one to one.

22. If A has 3 elements and B has 2 elements, how many functions are there from
AtoB?
Solution:
If f:A—> B and A has m elements and B has n elements then there are

n™ functions.
. There are 23= 8 functions.

23. Show that the function f(x,y) = x yis a primitive recursive.
Solution:
f(x,0) = 0 = Z(x) = Z(U} (x)).(Using Zero and projection function)
f,y+1D)=x(y+D)=xy+x=f(x,y)+x
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= U3(x,y, f(x,y)) + U(x, v, f(x,y)) (Using projection function)

= (U3 (v, f(x,9)), U3 (x5, f(x,)) ) (Using fi(x,y) = x +)

f(x,y) = xy is recursive since fi(x,y) = x + y is primitive recursive and as it
is obtained by initial functions by a finite number of operations of composition
and recursion.

~ f(x,y) = xyis a primitive recursive function.

24. Show that the function f(x,y) = x — yis a partial recursive.
Solution:
Clearly,y € N, the function is well defined only for x > y. Therefore,
f(x,y) = x — yforonly x > yis partial recursive.

25. Let h(x,y) = g(f1(x,¥)), f2(x,y)) for all positive integers x and y where
f1(x,y) = x> +y%,f2(x,y) = xand (x,y) = xy?.Find h(x,y) interms of
x anyy.
Solution: h(x,y) = g(fi(x,¥)) f2(x,y))
h(x,y) = g(x® +y%x) = (x* + y»)x?

26. Prove by an example, composition of function is not commutative.
Solution:
let f:R > Rand g:R > Randlet f(x) = x?>and g(x) = 2x
Then (fog)(x) = f(g(x)) = f(2x) = (2x)* = 4x?
(gof)(x) = g(f(x)) = g(x*) = 2x°
Hence fog # gof
-~ Composition of function is not commutative.

27. Define Cyclic permutation
Let by, by, ..., b, be r distinct elements of the set A . The permutation P: A = A

defined by P(by) = b,,P(b,) = bs,...,P(b._;) = b,,P(b,) = by iscalleda
cyclic permutation of length r, or simply cycle of length r and it will denoted by

(by, by, ..., b,).
: 123456
28. Show that the permutation (5 6241 3) is odd.
Solution:
(133339 = 15 263) = 15 (26) (23)

The given permutation can be expressed as the product of an odd number of
transpositions and hence the permutation is odd.

29.fA = (12345),B = (23)(45).Find AoB
Solution:

AoB — 12345) (12345)_(12345)_ 124
0 _(23451 °\13254) T \24315) = (129D
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30. Show that the permutation (3%3%°9) is even.
Solution:
(333459)= 132 (4 56) = (1 3)(12) (4 5)(4 6)

The given permutation can be expressed as the product of even number of
transpositions and hence the permutation is even.

PART B

31. i) Find all mappings from A = {1, 2,3} to B = {4, 5}. Find which of them are
one-to one and which are onto.
Solution:
All possible mappings from A to B are given below
a){(1,4),(2,4), 34}
b) {(1,5), (2,5), (3,5)}
c) {(1,4),(2,4),(3,5)}
d) {(1,4),(2,5), (3,4)}
e) {(1,5),(2,4), 3,4}
f) {(1,4),(2,5),(3,5)}
g) {(1,5),(2,4),(3,5)}
i) {(1,5),(2,5), (34)}
Here all the mappings are not one to one functions because at least one element
of A is mapped to more than one element of B.
Here all the mappings are not onto functions because every element of B has
pre image in A4 but it is not unique.

i)If f = (13 22 31 ‘fl) andg = (12 23 i ‘i)are permutations, prove that

gof) ' =flog™?
Solution:

A =3f1@) =21 =1 D =49V =491 =1,
93 =294 =3

A B 12 3 4 1 12 3 4
fl_(3214>’gl_(4123>
(o N =g(fD))=93)=4,(go N2 =g(f(2))=g() =3,

(o NB=9(f@)=9g)=2,(goHW)=g(f®)=g4) =1
1 2 3 4 )

gof= (4 321

o NV =4gofNH'2)=3@oN'B)=2GoN'TW=1
123 4

(go )™ =(4 3 2 1)...(1)

(fTlog™MHW =g (D) =14 =4,

(flog™MQ@) =g @) =11 =3,

(fTlog™MHB) =Yg @) =12 =2,

(flog™MH@=rg'@)=103) =1
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12 3 4
f_log_lz(z; 3 2 1)“'(2)
From (1) and (2), we get
(gof)™ =fTlog™

iii) If R denotes the set of real numbers and f: R — R is given by
f(x) = x3—2,find f1.
Solution:
To prove f is one to one:
Vx,yERlet f(x)=f(y)=2x3-2=y3-2=2x3=y32x=y
~ fisonetoone
To prove f is onto:

y=x3—2$x3=y+2=~x=(y+2)1/3eR

Vx € Rx = f((x + 2)'/3)
. Vx € R,there is a pre image (x + 2)1/3 €ER
Every element has unique pre-image
~ fisonto
=~ fis bijection = f~1 exists.
lety = f(x)=>x = f'(y)
y=x3-23x3=y4+2=x=f1(p) = +2)7

Al =(x+2)7

32.i)If Z* denote the set of positive integers and Z denote the set of integers. Let
f: Z* > Z be defined by
% ,if nis even
f(n) = 12_

Tn, if nisodd

. Prove that f is a bijection and find 1.

Solution:
To prove f is one to one:

vx,y € Z*
Case: 1when x and y are even

fO=fO)=5=2=x=y..(1)

Case: 2 when x and y are odd

f(x)zf(y):>1 2x:17y:>1—x= 1-y=2x=y..2)
From (1) and (2), we get

~ fisonetoone

To prove f is onto:

When x is even

Lety = §:>x =2y

Vx € Z,x = f(2x)
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. Vx € Z,thereis a pre image 2x € Z*

When x is odd
Lety=1%x=>1—x= 2y=>x=1-2y
Vx € Z,x = f(1— 2x)
. Vx € Z, thereisapreimagel —2x € Z*
Every element has unique pre-image
~ fisonto
=~ fis bijection = f~1 exists.
When x is even
lety = §=>x =f1ly)=2y
When x is odd
Lety =1%x=>1—x =2y=>x=f"1(y)=1-2y

2n,if nis even
-1 _ )
f=) = {1 —2n,if nis odd

ii)if A, B and C be any three nonempty sets.Let f: A > Bandg: B = Cbe
mappings. If f and g are onto, prove that gof : A — C is onto. Also give an
example to show that gof may be onto but both f and g need not be onto.
Solution:
Since f : A = Bisonto
fx)=y,vxeAandy € B ...(1)
Since g : B — (Cisonto
gly) =zVzeCandy€B ..(2)
vx € A, gof (x) = g(f(x)) = g(») = z [from (1) and (2)]
=~ Vz € C there exists a preimage x € A such that gof(x) = z
~ gof : A— Cisonto
For example
Llet A ={1,2},B ={a,b,cland C = {d, e}
f={1,a),(2,b)}, g = {(a,d),(b,e),(c,e)}
gof() =g(f(D) = g(@) =d
gof(2) =g(f(2)) =gb) =e
gof ={(1,d),(2,e)}
The function f is not onto because ¢ € B does not have pre image.
The function g is not onto because every element of C have pre image but
it is not unique. e € C have two pre images b,c € B
The function gof is onto because every element of C have pre image and it is
unique.

33. i)If the function f and g be defined f(x) = 2x + 1and g(x) = x2 — 2.
Determine the composition function fog and gof.

Staff in charge: C. Pradeep



Solution:

fog(x) = f(g(x)) = f(x* —2) =2(x* —=2) + 1 =2x* -3

gof() =g(f(x)) =gRx+ 1D =QRx+1)?-2=4x+4x+1-2
gof(x) =4x?+4x—1

ii) Let a and b be any positive integers and suppose Q is defined recursively as

follows:

) ] b .
0(ab) = { Q(a_b’b‘{ffifb -, -Find 0(2,5),0(12,5), 0(5861,7).
Solution:

Q(2,5) =0since2<5
Q(125)=0Q(12-55)+1=0(7,5) + 1
=7 -55+1)+1=0125)+2=0+2=2
Q(5861,7) = Q(5861—7,7) + 1 = Q(5854,7) + 1
= Q(5847,7) + 2 = Q(5840,7) + 3 = Q(5833,7) + 4 = Q(5826,7) + 5
= Q(5819,7) + 6 = Q(5812,7) + 7 = Q(5805,7) + 8 ...
= Q(2,7) + 837 = 837
This function is the quotient of a divided by b

5861
— = 837.28

- Q(5861,7) = 837

34.i)If f:R - R be defined by f(x) = 2x — 3. Find a formula for f 1.
Solution:
To prove f is one to one:
Vx,yERIletf(x)=f(y)22x—3=2y—3=22x=2y=>x=Yy
=~ fisonetoone
To prove f is onto:

y+3
y=2x—3:>2x=y+3:>x=TER
x+3
VxER,x=f(T>
x+3
~ Vx € R, there is a pre image €R

Every element has unique pre-image
~ fisonto
=~ fis bijection = f~! exists.

Lety=f(X)=2x—3:>2x=y+3:>x=f—1(y):$

x+3
-1 —
F0 ==
ii) Show that An (BUC) = (AN B) U (A n C) by using Characteristic
functions.
Solution:
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Xanwue) (X)) =1©x € AN (BUC)
©x €Aand x € (BUC)
ox€Aand (x e Borx € ()
o(x€dAandx€B)or(x€Adand x € C)
Sx€EANBorxeANC
Sx€E(ANB)UANC)
S Xy v (ancy@) = 1...(1)
Xanue)(x) =0 x & An (BUC)
o x ¢ Aand x € (BUC)
ox¢Aor(x¢Bandx ¢ C)
SkxedorxeéB)and (x ¢ Aor x & C)
Sx¢gAnNBandx € AnC
exe(ANB)U(ANC)
S Xunp)yu (anc)®) = 0...(2)
From (1) and (2) we get
XAn(BUC) (x) = X(AnB) U (ANC) (x)
~AN(BUC) = (ANB)U(ANC).
Aliter:
XAn(BUC)(x) = x4 () xpuc (x)
= Xa (x)(XB (@) +xc () = xanc (x))
= Xa (x)(XB () +xc () — xp (O xc (x))
= xa()xp (x) + x4 xc () — xa () xp () xc (x)
= Xang () + Xanc(X) — Xanpnc(x)
= XanB () + Xanc(x) — X(AnB)N(ANC) (x)
= X(AnB)U(AnC)(x)

35.i)Show that f: R — {3} - R —{1}givenby f(x) = g is a bijection.
Solution:
To prove f is one to one:

Vx,y ER—{3}let f(x) =f(y)=

>x-2)y-3)=@-2)x-3)
>xy—3x—2y+6=xy—2x—3y+6=>3y—2y=3x—2x>x=Y

x—2 y-—2

x—3 y-—3

~ fisonetoone
To prove f is onto:

x—2
y:x_3:>y(x—3)=x—2:>yx—3y=x—2:>yx—x=3y—2
3y—2
>x(y—-1)=3y—2=>x= ;_1 € R —{1}
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VxE€R—{1}x=f (3xx_—12)

~ Vx € R — {1}, there is a pre image € R — {3}

x—1

Every element has unique pre-image

~ fisonto

=~ fis bijection = f~1 exists.

Lety=f(x)=§=>y(x—3)=x—2:»yx—3y=x—2
>yx —x=3y—2

3y—2

>x(y—1)=3y—-2=x=f"'(y) = =1 €ER—{1}
3x —2
-1 —
fr =0
iijlet f(x) = x+2,9g(x) = x—2andh(x) = 3x forx € R.Find gof
and fo(goh).
Solution:

(goHNX)=g(f(x)=glx+2)=x+2-2=x
(folgom) @) = f((gom) @) = f (9(h())) = F(9(3x)) = f(3x - 2)
(fo(goh))(x) =3x—2+2=3x

iii)Let D (x) denote the number of divisors of x. Show that D(x) is a primitive
function.
Proof:
Let r(m,n) denote the remainder got when n is divided by m.
If m is a divisor of n, then

r(m,n) =0

sgirtmn)} =1

Hence, the number of divisors of n, say f(n) is given by

n

fG) = ) 5glrmm} .. (1

m=1
5g{r(m,n)}is the composition of two primitive recursive functions and hence,
primitive recursive.
Since f(n) is the sum of finite number of primitive recursive functions, it is
also a primitive recursive.
[For example, the divisors of 6 are 1, 2,3 and 6
The number of divisors of 6 are 4
Also 5g{r(1,6)} + 5g{r(2,6)} + 5g{r(3,6)} + 5g{r(4,6)}
+5g{r(5,6)} +5g{r(6,6)} =1+1+1+0+0+1=4]

36. i) Prove that Pr(x), the odd and even parity function is primitive recursive.
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Solution:
By definition Pr(x) = {2' if x =i(} irl.il;i;;
Pr(0) =0=Z(x)..(1)
(1, if x=0oreven
Prix+1) _{0 if xis odd

= 5g{Pr(x)} = 5g{U3 {x, Pr(x)}}
Thus, Pr(x) is defined recursively from the initial functions Z(x),5g(x),
and U using composition.
~ Pr(x) is primitive recursive.

ii)Define even and odd permutations. Show that the permutations

f= (21 ; 73 ; g fZ*;) and g = (i : f ;) are respectively even and odd.
Solution:

A Permutation function is called even if the number of its transposition is even.
A Permutation function is called odd if the number of its transposition is odd.

_(12345678)_(1256)3748
"~ \25786143/ ( )

=(12)1 51 63 73 4)@3 8)
There are 6 transposition in f.
=~ f is even permutation

1234
g=<4312>=(1423)=(1 4)(1 2)(1 3)

There are 3 transposition in f.
~ f is odd permutation

37.1i) If f and g are bijection on a set 4, prove that fog is also bijection.
Solution:
Let A, B and C be any three nonempty sets.Let f : A= Bandg: B = C be
thengof : A—- C.
Toprove gof : A — C is one to one:
vx,y € A, gof (x) = gof (y)
=9(f@) = 9(f»)

= f(x) = f(y) [Since g is one to one]
= x = y [Since f is one to one]

Vx,y € A, gof(x) = gof () >x =y
s~ gof : A— Cisonetoone

To prove gof : A — C is onto:
Since f : A - Bisonto
f(x)=y,vx€Aandy € B ..(1)
Since g : B — Cisonto

gy) =zVvzeCandy € B ..(2)
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Vx € A, gof (x) = g(f(x)) = g(¥) = z [from (1) and (2)]

. Vz € C there exists a preimage x € A such that gof(x) = z
~ gof : A— Cisonto

~ gof : A — Cis bijection.

i) Iff = (2372)andh = (52 77) permutations on the set
A={1,23, 4 5}. Find the permutation g on A such that fog = hof.
Solution:

Giventhat fog = hof =g = f~! o(hof)

f 1(1)—4f '@ =1f13)=5f"'@ =215 =3
f_l B (1 3 4 5)
4 15 2 3
(ho D) =h(F(D)) =h(Q2) =2,(ho H(2) =h(f(2)) =h(4) =3,
(hof)B) =h(f(3)) =h(5) =1,(ho f)(4) = h(f(4)) = h(1) =5,
(ho )(5) =h(f(5)) =h(3) =4
1234 5
hof= (2 315 4)
(ftoho )V =fFH(ho HD)=f12) =1
(fto(ho)2)=fH((ho () =fT1B)=5
(fto(ho )3 =fH((hoH(B)) =11 =4
(fto(ho )4 =fH((hoH(4) =f1(5) =3
(ftotho N)B)=F((ho () =f14) =2

) (12345
'°'g=f1°(h°f)_<1543 2)

iii)The Ackerman function A(x, y) is defined by A(0,y) = y + 1;
A(x+1,0)= A(x,1); A(x+1,y+1) = A(x,A(x+1,y)).Find A(2,1).
Solution:

A(0,y) = y+1..(0)

A(x +1,0) = A(x, 1) ...(2)

Ax+1L,y+1) = A(x, A(x + 1,5)) ... (3)

A(2,1) = A(1,A4(2,0)) ... (4) [from (3)]

A(2,0) = AL,1) ... 5)[from (2)]

A(1,1) = A(0,A(1,0)) ... (6)[from (3)]

A(1,0) =A00,1) =14+1=2..(7)[from (2)& (1)]

A(1,1) = A(0,4(1,0)) = A(0,2) =2+ 1 = 3...(8)[from (3),(6)& (7)]
A(2,0) = A(1,1) = 3...(9)[from (5)& (8)]

A(2,1) = A(1,A(2,0)) = A(1,3) ... (10)[from (4)& (9)]

A(1,3) = A(0,A(1,2)) ... (11) [from (3)]

A(1,2) = A(0,A(1,1)) = A(0,3) =3+ 1 =4..(12) [from (3) & (1)]
A(1,3) = A(0,A(1,2)) = A(0,4) =4+ 1 =5..(13)[from (11) & (12)]
A(2,1) =5 [from (10) & (13)]
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38. i)Lleta < b.If f:[a,b] — [0,1]is defined by f(x) = g, Prove that fisa

39.

bijection and find its inverse.
Solution:

To prove f is one to one:
xX—a y-—a
vx'ye [a’b]’letf(x)=f(y):b_a=b_a
Sx—a=y—a=>x=Yy

~ fisonetoone

To prove f is onto:
xX—a
Y= b

>y(b—a)=x—a=>x=y(b—a)+ac€lab]

vx € [0,1],x = f(x(b —a) + a)
. Vx € [0,1],there is a pre image x(b — a) + a € [a, b]
Every element has unique pre-image
~ fisonto
=~ fis bijection = f~1 exists.

—a

Lety = f(x) ==z;a:>y(b—a) =x—-a

—a

=>x=f"1(y)=y(b-a)+ac€]ab]
fFlx)=x(b—a)+a

ii)If f: A > Band g: B - C are mappings such that gof : A — C is bijection
prove that g is onto and f is one to one.
Solution:
To prove f is one to one:
Vx,y € A, Let us assume that f(x) = f(y)

=9 @) =9 )
= gof (x) = gof(y) => x = y [Since gof is one to one]

“f)=f)=>x=y
=~ f is one to one
To prove g is onto:
Vz € C,gof(x) = z Since gof is ontoVx € A
=9(fx)) =z > g(y) = z,wherey = f(x) €B
~ Vz € C there existsy € B such that g(y) = z
- g isonto

i)Prove that composition of functions is associative.

Proof: Let f:A = B, g: B = C and h: C — D are the functions then
gof:A — C,ho(gof):A—- D ..(1)

hog:B — D, (hog)of:A - D ...(2)

Vx € A,

ho(gof)(x) = h((go)(®) = h(g(f () = hog(f ()
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= ((hog)of)(x) ..(3)
From (1), (2) and (3),we get
Composition of functions is associative

ii)Provethat (go )™ = f"log™ wheref: X > Yand g:Y — Z be two

invertible functions.

Proof:

If f: X ->Yand g:Y = Z are invertible then f and g are bijection then

gof:X - Zisalso bijection.-. gof is invertible.

s(gof)y hzZ-Xx..(1)

fFliy-X, g Z-oY=>floghZ->X..(2)

((goNo(fog™)x) =(go(fof Dog ™) =(golog")x)
=(gog ) =Lx)..(3)

((F10 g™Do(g 0 N)@) = (1 0 (g7 0g)o () = (f ' 0 Lo £) (%)
=(f o) =L(x)...(4)

From (1),(2),(3) and (4),we get

(gof)™ =fTlog™

Aliter:

If f: X =Y and g:Y = Z are invertible then f and g are bijection then
gof:X = Zisalso bijection... gof is invertible.

2(gof)y Z-X..(0

fFliy-X,ghZ-oY>floghZ->X..(2)

Now forany x € X,let f(x) = yand g(y) =z
gof(x) = g(f(x)) = g(y) = z

(gof)(2) =x..(3)

fG)=y=>f"0)=x

9 =z=g"'2) =y

flog '@ =fg'@) =M =x..(4

From (1),(2),(3) and (4),we get
(90N = flog

40.i)Using Characteristic function, Prove that |A U B| = |A| + |B| — |A N B|.
Proof:
Xaup(x)=1©x€AUB

©x€Aorx€B

S xa(x) =1oryp(x) =1

© xa() + xp(x) — xa(0). xp(x) =1

© xa(x) + x5(x) = xanp(x) =1...(1)
Xaup(x) =0=x¢ AUB

©x¢ Aandx € B
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S ysx)=0and yz(x) =0

& xa(x) + xp(x) — xa(x). xp(x) = 0

& xa(x) + xp(x) = xans(x) = 0...(2)
From (1) and (2) we get

Xaup () = x4 (x) + xp(x) — xanp(x)
#|AUB|=|Al+|B| —|ANB|.

ii)Using Characteristic function , prove that (AUB) = A N B.

Proof:
xacs(x) =1 ©x € (AUB)

Sx ¢ AUB
©x¢ Aandx ¢ B
©x€Aandx € B
©x€ANB
©xing(x) =1..(1)
xzog(x) =0 ©x ¢ (AUB)
&Sx€ AUB
& x€ Aorx€B
ox¢Aorx ¢ B
©ox¢ANB
©xins(x)=0..(2)
From (1) and (2) we get

Xawp(X) = Xxzng(x),  Vx€U
~(AUB) =ANnB
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