UNIT-1I
INTERPOLATION & APPROXIMATION

LAGRANGE POLYNAMIAL

1. Find the polynomial f(x) by using Lagrange’s formula and hence find f(3) for

X : 0 1 2 5
f(x): 2 3 12 | 147
Solution :
X O0xg |1 x| 2 Xy 5 Xx;
f(X): | 0y |3y |12 y3| 147 y,

Lagrange’s interpolation formula, we have
y=f(x) = (2 = 2¢1) (o = 23) (% — x3) y (x = 20 ) (x — x2) (x — x3)
(g = 21) (g — 22) (xxg — x3) 0 (21 — 20) oy — x2) (2 — x3) !

(x = x0) (¢ — x1 ) (x — x3) (x = x0) (o — x1) (x — x3)
(22 = x0) (22 — 1) (2 — x3) % (23 — x0)(x3 = 1) (x5:7x2) 3

=D (x-2)(x—-5) (x—0)(x—2)(x—5)
&= =20-5 P a-oa-na=s &

(x = 0)(x — 1)(x = 5) (x — 0)(x < DY(x - 2)
z-oe-ne-5 Pt E-oeTuc-2 M
o) = (x — 1)(96_—102)(96 —5) 2) + (x50)(x ; 2)(x —5) 3)
N (x = 0)(x — 1) (x=5) (42) + (x—0)(x-1)(x—-2) (147)
-6 60
To find f(3):(x=3):
3—-1)(3—-2)(3=5 3-0)(3—-2)(3=5
y=f(3)=( )(_10)( )(2)+( )( - )(3-5) 3)
N B-0B-1)(3B-5) (12) + B-0B-1DB-2) (147)
-6 60
y=f(3)=08-45+24+14.7
y=f(3)=35.
2. Using Lagrange’s interpolation formula, calculate the profit in the 2000 year from the following data
Year 1997 1999 2001 2002
Profitin Lakhs: 43 65 159 248
Solution : Given the data’s are
Year 1997 (xo) | 1999 (xy) | 2001 (x) | 2002 (x3)
Profitin Lakhs: | 43 (y,) 65 (y1) | 159 (y.) | 248 (y3)




Lagrange’s interpolation formula, we have

= f(x) = (x—2x)(x —x2)(x — x3) (xx — x9) (¢ — 22) (2 — x3)
’ Gro = x0) (o — #2) (o — x5) 7" Gy = %) (ry — %) — x3)

(x = x0) (x = x1)(x — x3) (x = x0)(x — x1) (x — x2)

(22 = x0) (22 — 1) (2 — x3) Y2 (x5 = x0) (o5 — 1) (x5 — x2) V3

N (x — 1999)(x — 2001)(x — 2002) (x — 1997)(x — 2001)(x — 2002)
G = (1997 — 1999)(1997 — 2001)(1997 — 2002) (43)+ (1999 — 1997)(1999 — 2001)(1999 — 2002) (65)
(x — 1997)(x — 1999)(x — 2002) (x — 1997) (x — 1999)(x — 2001)
T (2001 =1997)(2001 — 1999)(2001 — 2002) (159) + (2002 — 1997)(2002 — 1999)(2002 — 2001) (43)
) = (x — 1999)(x - igm)(x —2002) (43)+ (x — 1997) (x —122001) (x —2002) (65
N (x —1997)(x —_1;99)(35 —2002) (159) + (x —1997)(x —115999)(x —2001) (43)

To find the profit in the year 2000 ( f(2000) : (x =2000) :)

(2000 — 1999)(2000 — 2001)(2000 — 2002)
—40

(2000 — 1997)(2000 — 2001)(2000 — 2002)
+ 12

(2000 — 1997)(2000 — 1999) (2000, ~'2002)
+ -8

(2000 — 1997)(2000 — 1999)(2000 —2001)
+ 15
y = f(2000) = —2.15 + 32.5 #119.25 +*49.6

y = f(2000) = 100
Hence the profit in the year 2000 is 100.

(43)

y = f(2000) =

(65)

(159)

(43)

3. Using Lagrange’s formula find y(2) from the following data.

X 0 1 3 4 5
f(x): 0 1 81 256 | 625
Solution :
X : 0 (xo) 1 (xq) 3 (x2) 4 (x3) 5 (xy)
f(x): 0 (y) 1 () | 81 (y2) | 256 (y3) | 625 (y)

Lagrange’s interpolation formula, we have

(0 — 2 )(x — x) (x — x3) (x — xy) (xx —xg) (x — x) (x — x3)(x — xy)
(g — x1)(xg — x2) (X9 — x3)(xp — x4) 0 (e —x0) (g — 22) (g — x3) (g — xy) !

y=fx)=



(o = xg) (x — 20 (r — x3) (o — )

(o = xo) (x — 2) (xr — 22) (o — )

(2 = x0) (2 — 1) (23 — x3) (x5 — xy) %

(x = x0) (x — xp ) (x — x2) (x — x3)

(g — x0) (g — 21 ) (g — 22) (x4 — X3) .

_(c=1D(x=3)(x—4)(x—5)

(x=0)(x=3)(x =4 (x—5)

fx)

~(0-=1)(0—-3)(0—4)(0-5)

(x=0)(x =1 (x-H(x—5)

To fond y(2):(x=2):

O+ a3 =xa=5
(x—0)(x—1D)(x—3)(x—5)

(xx3 — x9) (3 — 1) (23 — x2) (X3 — xy) 73

(1)

y=f(2)=

Go0G-DGB-G-5 DT apa-na-n@E—3) *°°
(= 0) (= 1)(x = 3)(x— 4)
A—0@-1D@A-3)G-1) P
(2-D2-DE-D2-5),  (2-0)2-3)(2—4)(2—5)
> 0) + s ©
+ 2-0)(2-1)(2-4)(2-5) (81) + (2-0)(2-1)(2-3)(2=5) (256)
12 —12
L2-0@-DE-3E-1)

40

y=f(2)=0+054+81-128+ 62.5

y=[(2)=16.
4. Find the third degree polynomial satisfying the following data
X 1 3 5 7
f(x): 24 120 | 3367\ 720
Solution :
X . 1 (%) 37 (x) 5 (x2) 7 (x3)
fx): 24 (o) 120 (y1) | 336 (¥2) | 720 (y3)

Lagrange’s interpolation formula, we have

y=fx)=

_(x=3)(x=5)(x—-7)

(0 — x)(x — x) (x — x3) (x — xy)

(g — x1)(xg — x2) (%9 — x3)(xp — x4) 0

(xx —2x0) (o — 27 ) (x — x3) (x — xy)

+

(24) +

(xxp — x0) (o — 1) (0 — x3) (x5 — Xy) Y2

(xx —xg) (x — x) (x — x3)(x — xy)

(e —x0) (g — 22) (g — x3) (g — xy) !

(xx —x0) (xx — 27 ) (x — 22) (x — xy)

(x =D -=5)x=7)

(120) +

f&=a3a-sa=7

B3-1DB-50B-7)
(x=D(x—=3)(x-5)

(7-1)(7-3)(7-5)

(720)

(r=Dx-=3)x-7)

G-1D6G-3)6-7)

(23 — x9) (3 — 1) (263 — x2) (x5 — xy) V3

(336)



fe) == [(x=3)(x—5)(x— 7)]+1—[(x D=5 -7 -21[(x- D -3)(x - 7)]

7
+15[(x—1)(x —3)(x—5)]
-1 15

f(x)— [x3 —15x? +71x—105]+?[x —13x2+47x—35]—-21[x3—11x*+31x—21]

+15[x3—9x% + 23 x—15]

1 15 195 71 705
f(x) =3 [——+——21+ 15] + x? [———+231 135 +x[——+——60.)+345
2 2 2 2 2
+ 105 3525 + 441 225]
2 2
fx)=x3+6x*+11x+6.
f(A)=(4)3+6(4*+11(4) +6.
f(4)=64+96+44+6
f(4) = 210.
5. Using Lagrange’s interpolation formula find f(4) given that
£(0)=2, f(1) =3, f(2) =12, f(15) = 3587.
Solution : Given the data’s are [f(x,) = y,]
X 0 (xo) 1 (xq) 2 (xz) 15, /(x3)
f(x): 2 (yo) 3 (yu) 12 (y;) (3587 (y3)
Lagrange’s interpolation formula, we have
(x — 1) (x — 22) (x — x3) (% =x4) (x —x0) (x — x2) (x — x3)(x — xy)

y=fx)=

(xo — x1)(xg — x2) (X9 7 x3) (X9 — Xx4) Yo (1 —x0) (g — x2) (g — x3) (g — xy)

(xx = x0) (=) (= x3) (x — x4) (xx = x0) (x — 21 ) (x — x3)(x — x4)
(2 = x0) (o — x9) (2t — x3) (x5 — xy) 2 (x3 —x9) (3 — 2x1) (23 — x) (X3 — xy) 3

L (A-1D@-2)(4-15) (4—0)(4—2)(4—15)
y=I®M=0"no-—20-15 P a-oa—2a-1m &
(4—0)(4—1)(4—15) (4—0)(4—-1)(4—2)
Z-0ez-1e-15 PG -oas-nas-z 87
(3@ (—11) (D (2)(—11) (4)(3)(—11) (D(3)(2)
'Y =mnecs P ococs @t ooce P ananas O
o132 261 1581 86088
f( )" 12 " 26 T 2730
ﬂ@_m
6. Using Lagrange’s polynomial fit a polynomial for the following data
X -1 1 2
fx: | 7 5 | 15
Solution :



x : -1 (x.0) 1 (x1) 2 (x2)
fy=| 7@0) | 5 (y1) | 15 (y.2)

Lagrange’s interpolation formula, we have

P V(SRR D C o Y R CRE D CRE
(xxg = x1) (g — x2) 0 (0 — x0) (o — x3) ! (g = x0) (g — x1) 2
(=D -2) (x+1)(x—2) (x+1D(x—-1)
(=m0 nci- Ptarna-2 Pterne-n ¥

f(x)z% [x2—3x+2]—;[x2— x—2]+5[x?—1]
7 5 7 5 7
fe=xtlo =45 [+x[-5+5] +[5+5-5]

0= ()= 2+ )

f(4)=% [11x2-3x+7]

7. Find the missing term in the following table using Lagrange’s interpolation.

X 0 1 2 3 4
f(x): 1 3 9 - 81
Solution :

X . 0 (xo) 1 () 2 (x3) 4 (x3)
fx): 1 (yo) 3 () 9 ) (r2) 81 (y3)

Lagrange’s interpolation formula, we have

(xx — deg ) ey ) (o — x3) (x —x9) (x —x2) (x — x3)
(xg — xp9oxg — x2) (g — x3) Yo (21 = x0) (1 — x2) (%) — x3) N

y=fx)=

(x —x0)(x — x)(x — x3) (x —x0)(x — x ) (x — x3)

(2 = x0) (22 — 1) (x; — x3) 2 (a3 = x0) (x5 — 1) (3 — x2) 3

(= DE=D=8) = 0= =4)
0-Do-20-5 Ptacoa=2a-2

y=f()= (3)

(== D=4 = 0= Dx=2)
Z=0z-ne-b» VT a-na-ne-2

(81)

B-1DB-2)B-4) B-0B-2)(3-4)

r3)= (0—-1)(0—2)(0—4) (1)+ (1-0(1-2)(1-4)

(3)

(3-0)(3-1)(3—4) 9 (3-0)3-1)(3—-2)
Z-oe-ne-—1 Pta-ou-na-2

(81)
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&= éi) e P teoc P Teee

(3) = 2 3+27+
f(3)= 8 2 4

f(3) = 31.

(81)

DIVIDED DIFFERNCES

1. Using Newton’s divided difference formula, find 2(3)
givenu(1) = —26,u(2) =12, u(4) = 256, u(6) = 844.

Solution :
fx) Af(x) A*f (%) A (%)
1 —26
12426
o7 8 12238
2 12 e
256-12 42_?:
4-2 J
. e 294122 _
6-2 .
844256
6—4
6 844

By Newton’s divided difference interpolation formula

f () = f(xg) + (= x0) f (g, 201 ) + (¢ — 2o =) f(xo, 201, 22) + (o — x0) (3¢ — 21 ) (3 — x2) f (%0, 201, X2, %3)

Here xo =1, x; =2, x, =4, x3=6

And f(xo) = =26, [(xg,x1) = 38lf (g, xp3x2) = 28, f(xg,21,%2,%3) = 3
fx)==-26+(x—1)38+(x—1)(x—2)28+ (x—1)(x—2)(x—4) 3
f(3)=—-26+(3—-1)38+4+(3—-1)(3—2)284+(3-1)(3—-2)(3—4) 3
f(3)=-26+(2)38+(2)(1) 28+ (2)(1)(-1) 3

f(3)=100
2. Find f(x)as a polynomial in x for the following data by Newton’s divided difference formula
Xt -4 -1 0 2 5
f(x): | 1245 33 5 9 1335
Solution :
X f) Af(x) £%f(x) A3 (x) A*f(x)




33 — 1245

4| 1245 20T
-1-(-4 1ot —28—(-404) _
0— (—4)
B ” 2T _ g 10-94 _ 44
0-(-1 2—(—4
. i =1 22—_((—_218)) — 10 =9 513+14 _
Yy
9-5_ 88-10 _
2 9 2-0 442 -2 5-0
5-0
5 1335 133579 _ 44
5-2

By Newton’s divided difference interpolation formula
f(x) = o) + (x — x0) f(x0,20) + (2 — x0) (2 — x1) f (30, X1,22) + (2 — 2x0) (x — 1) (o — x2) f (20, %1, X2, X3)
+ (x = x0) (x — x1) (x — x5) (x — x3) f (X0, %1, X2, X3, X4)

Here xo=—-4, x; = -1, x, =0, x3=2, x, =5, and
f(xo) = 1245, f(xo,x1) = —404, f(x0,x1,%2) =94, f(x0,%1,X3,x3) =/-14, f(Xx0,X1,X2,X3,X4) =3

f(x) =1245+ (x +4) (—404) + (x + 4)(x + 1) (94) + (x + )@+ 1) (x — 0) (—14)
+(x+4)(x+1)(x—0)(x—2)(3)
f(x)= 1245—404 x — 1616+ (94)[x? + 5x + 4] — 14 x [x? + 5x + 4]
+3x[(x?2+5x+4)(x—2)]
f(x) = 1245— 404 x — 1616 + 94 x>+ 470 ¥+ 376 — 14 x*> — 70x% — 56 x
+3x[x3—2x+5x% =10 + 4x — 8]
f(x)=—-14x*+24x*+10x4 5+ 3x [x®*+ 5x* - 8x— 8]
fx)=—-14x3+24x* +10x+5+ 3 x* + 15 x> — 24 x? - 24«
flx)=3x*+x3—14x+5

3. Find f(8) by Newton’s divided difference formula for the data,

X 4 5 7 10 11 13
FO0: 48 100 294 900 1210 2028
Solution :
x f(x) A f(x) A f(x) A3 (x) A*f(x)
48 100—48: 97—52:15 21—15:
5—4 7—4 10-4
0
5 100 294 -100 202 — 97 27 =21
5—-7 10-5 11-5
0
7 294 900-294 _ 310-202 _ 33-27 _
10-7 11-7 13-7

7




10 900 1210—900_310 409 - 310
11-10 13—-10
2028 — 1210
11 1210 — 409

13-11

13 2028

By Newton’s divided difference interpolation formula
f(x) = f(x0) + (x = x0) f (0, 1) + (xx = x0) (o — 21) f (%0, 201,2) + (xx — x0) (x — 21) (o — 22) f (%0, 21, X2, x3)
+ (o0 = x0) (e — 1) (% — x2) (o — 23) [ (50, X1, X2, %3, X4.)

Here xo =4, x;, =5, x, =7, x3=10, x, =11,x5 = 13 and
f(xO) = 481 f(‘x(])xl) = 52) f(XO!lexz) = 15) f(XO,xl,XZ,X:g) = 1; f(x(];leXZJxZ.szl-) = 0

flx) =48+ (x—4)(52)+ (x—H(x=5) (15 +(x—4)(x—5)(x—7) 1)
+(x—4)(x=5)(x—7)(x—11)(0)+ 0

f(8)=48+(8—4)(52)+(8—4)(8—5) (15) +(8=4)(8-5)(8—=7) (1) +0

f(8)=48+(4) (52) + (H(3) (15) + (D)) (1)

f(8) =448.
4. Find f(3) by Newton’s divided difference/ formula for the data,
X: 0 1 2 4 5
£(x): 1 14 15 5 6
Solution :
x | f(0 A f(x) A% f(x) A3f (x) A*f(x)
1
14-1 13
1-0
1 1 1-13_
2-0
15-14 —2+6 _
2-1 ; 4-0
—5-1 1-1
2 15 = 1o
4-1 : 5-0 0
5-15 2+2 _,
4-2 5—-1
145 _,
4 5 T3
6-5_,
5—-4"
5 6

By Newton’s divided difference interpolation formula




f(x) = f(x0) + (x — x0) f (g, 1) + (x — x0) (o — 21 ) f (%0, 201, 2) + (xx — x0) (x — 21) (¢ — 2x2) f (%0, 21, X2,x3)
+ (o = x0) (0 — x9) (¢ — x) (x — x3) f ()0, X1, X2, X3, X4)

Here xg =0, x;, =1, x, =2, x3=4, x4, =5 and
f(xo) =1, f(xg,x1) =13, f(xg,x1,%3) =—6, [f(x0,%1,%5,%3) =1, f(x0,%1,%5,%3,%4) =0

. ) =1+ (x—-0)(13)+(x—0)(x—1) (—6)+(x—0)(x—1)(x—2) (1)
+(x—0)(x—1)(x—2)(x—4)(0)+0

L f)=1+(3B-0)(13)+(3-0B-1 (-6)+(3-0)B-1B-2)(1)+0
f3)=1+(3) (13)+ (3)(2) (=6) + (3)(2)(1) (1)
f(3)=10

5. Using Newton’s divided difference formula, find the missing term in the following data

X 1 2 4 5 6
f(x): 14 15 5 - 9
Solution :
x f(x) A f(x) A*f(x) A%f (x)
1 14
15 — 14_
z2-1 -5-1
= -2
2 15 4 -1
£ _1s L75+2 _ oo
= -5 6—1
4-12 245, 5
4 5 6)— 2 =17
9—5_2
6 — 4o
6 9

By Newton’s divided difference interpolation formula
f(x) = fxo) + (x — x0) f (30,21 + (2 — x0) (2 — x1) f (260, X1, 22) + (2 — 2x0) (x — 1) (o — x2) f (260, %1, %2, %3)

Here xo=1, %, =2, X, =4, x3= 6
And f(xo) =14, f(xox1) =1, F(ro,x1,2) = =2, [(xg %y, %z,%3) = 0.75
v f) =144 (x—1) (1) + (x— 1) — 2) (=2) + (x — 1) (x — 2)(x — 4) (0.75)
. F5)=14+G-1D M+ G-1)(5-2) (-2 + (5—1)(5—2)(5— 4) (0.75)
f(5)=14+(4) (1) +(D(3) (-2) + (1(3)(1) (0.75)
£(5) =3.

NEWTONS FORWARD & BACKWARD INTERPOLATION FORMULA
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Newton forward interpolation formula :

u u(u—1) u(u—1Dwu—-2)
Y@ =y Gotph) =yt 7 Avet——o— Ayt 31 A%y,
u@u—1D)w—-2)u—3 xX—Xx
+ X X ) Aty e where u= 0
4! h
Newton backward interpolation formula :
4 Vv +1) VWV +1DWV+2)
y (X) =Yy (xn + ph) =Yu t F vyn + T Zyn + 31 v3yn
v+ 1)V +2)(V+3 X —x
+ ( X 2 X )V4yn+~~~ ...... where u = - =

1. Using Newton’s forward interpolation formula, find a polynomial f(x) satisfying the following data. Hence

evaluate y at x=>5.

X ¢ 4 6 8 10

y 1 3 8 10
Solution : We form the difference table

X y Ay A%y A3y
4 (xo) 1 ()
3-1=2 (Ayo)
6 (x1) 3 On) 5-2=3 (A%),)
8~ 3=5.(4y) -6 (0%y,)
8 (x2) 8 () 2-5=-3 (Azh)
10-8=2 (Ay,)
10 (x3) 10 (y3)

There are only four data are given. Hence the polynomial is of order 3

y(x)=y0+%Ayo+$ A2y0+u(u_13)!(u_2) 3y0+u(u—1)(u4!—2)(u—3) Aty 4o
where uzx_xO.Herex0=4 & h=6—-4=2 (or) 10—8=2
Let u=(%t)
x—4 X=A[x—4 _ X=M[x—4 _ x—4\
y(x):1+( Z )(2)+( 2 )[(2!2 ) 1](3)+( =) )3!1][( ) 2](_6)
x—4 x—4\/x—6 x—4\/x—6\/x—8
Y B0, 9

10



-1+5 5 @+ () (7)) + () )

=1+x—4+(;)(1) (x—4)(x—6) + (- 1)()(x 4)(x - 6)(x —8)

[l
=
|
w
+
ool w
N
=
N
[
o
=
(o)}
=
+
)
o~
A —
+
|
o| L
N—
)
=
|
o
=
(o))
=
+
)
o~
-
Yo
=
es)
A

1
(x* —10x +24) + (? (x? —10x + 24)(x — 8)

®| L

(x? —10x + 24) +( )(x3 —10x?% + 24 x — 8x% + 80x — 192)

1
(x? —10x +24) + (? (x3—18x% + 104 x — 192)

Il
=
|
w
+
@l =
0
&
+
[\
[y
&
I
—
w
N
=
+
Do
o)
L)

y(x) = (é)(—aﬁ +21x%2 — 126 x + 240)
Tofind y at x=5:
1
y(5) = (g) [—(5)3 + 21(5)2.=126.(5) + 240]

y(5) = (i—lg)(m) —1.25

Verification:  f(6) = ()[ (6)3 +21(6)% — 126 (6) + 240] = (é)[—216+756—756+240]

1
) =(3)24 = 3
Therefore the polynomial is correct.

2. Using Newton’s forward formula, find a polynomial f(x) satisfying the following data. Hence find f(2).

X ¢ 0 5 10 15
: 14 379 1444 3584
Solution : We form the difference table

11



X y Ay A%y A3y
0 (xo) 14 (¥o)
379 — 14 = 365 (Ay,)
5 () 379 (1) 700 (A%y,)
1065 (Ay,) 375 (A3y,)
10 (x,) 1444 (y,) 1075 (A?%y,)
2140 (Ay,)
15 (x3) 3584 (y3)
There are only four data are given. Hence the polynomial is of order 3
y () =y (xg+ph) =y, + % A Yo +% A% yo+ u(u_;# A% yo+ u(u_l)(lil_zxu_” A yg+ -
X —Xg
where u = A . Here xo=0 & h=5—-0=5 (or) 10-5=5
— (=9 _*
Let u—( S )— 5
X X\ [(x O\ffx X
= EIlE)—1 EIMME=2(E)—2
01008 g BUE oy GBS

— 14+ (’—SC) (365) +

=14+ (x) (73) + (g) (X;SS) (350) + @(

1!

5

)

(@g

1
6

(700) +

375

=14+73x+ (32—5;) [x(x — 5] "‘(‘)(E

G

)@;?G;N)

x—5
5

=14+73x+ 14 (x* —5x) + (%) 3 [(x? —5x)(x —10)]

1
=14+73x+14x*—-70x +(§) [(x3 —5x% —10x? + 50 x)]

(375)

() () @

)x(x —5)(x—10)

1
= (E) [2(14+73x + 1422 =70 x) + [(x® = 5x% = 10x* + 50 x)]]

1
y(x) = (E) [x3+13x% + 56 x + 28]

Tofind f(2):

12



£(2) = (%) [(2) + 13(2)% + 56 (2) + 28]

£(5) = (%)(200) = 100

Verification : £(5) = (%) [(5)% + 13(5)% + 56 (5) + 28] = (%) [125 + 325 + 280 + 28]

1
£(5) = (E) [758] = 379
3. AThird degree polynomial passes through the points (0,—1),(1,1),(2,1,) & (3,—2) using
Newton’s forward interpolation formula find the polynomial. Hence evaluate the value at 1.5

Solution : Let us form the difference table

X y Ay A%y Ay
0 (xo) -1 (¥)

1-(=D=2(yo)
G | 1 () 0-2=-2 (&%)
1-1=0 (ay1) -3-(=2) = -1 (&%)
2 () | 1 (02) -3-0=-3 (4%n)
—2-1=-3 (Ays)

3 (x3) | =2 (ys)
There are only four data are given. Hence the polynomial is of order 3

u(u—l) ) u(u—1)(u—2) Ay +u(u—1)(u—2)(u—3) K

y() =y + 1,A)’o —S A 31 0 a0

X — X

h

where u = Here xy=0 & h=1-0=1 (or) 2-1=1

Let u=(xT_O)=x = u=x

y(x)= —1+(—) (2) +(")[;‘—'_1] (=2) +(X)[x —31'][3(—2]

(-1)
= 14 x(2) = (O)[x —1] +(?1)(x)x—1][x 7]
=—1+2x—[x?—x]+ (%)[x —x][x—2]
=—x?4+x—-14+2x+ (zl)x — x?% — 2x? +2x]

13



= (%) [6(—x2 +3x — 1) + (—=D)[x® — 3x2 + 2]
= (%) [—6x% +18x— 6 — x3 + 3x? — 2x]

y(x) = (%) [—x3 — 3x% + 16x — 6]

Tofind yat 1.5:  f(15) = (%) [—(1.5)% — 3(1.5)2 + 16(1.5) — 6]

F(15) = (%) [=3.375— 6.75 + 24 — 6]
£(15) = (%) (7.875) =13125

Verification:  f(2) = (g) [—(2)% —3(2)2+16(2)— 6] = (%) [-8—12+32— 6]

f@=(g)i+e) s 1

4. Using Newton’s forward interpolation formula find the polynomial which takes places the values

X ¢ 0 1 2 3
y 1 2 1 10
Evaluate

f(4) using Newton’s backward.interpolation formula. Is it the same as obtained from the cubic
polynomial found above.

Solution : Let us form the difference table
X y Ay A*y A3y
0 (x) 1 (y)

[Vl 1 (Ayo)
1 () | 2 (y1) [VZy,] =2 (A%y,)
[Vy.] =1 (Ay1) [V3ys] 12 (A%y,)
2 (x2) | 1 (32) [VZys] 10 (8%y)

[Vyz] 9 (Ay,)

3 (x3) | 10 (y3)
There are only four data are given. Hence the polynomial is of order 3

The Newton’s forward interpolation formula is

U u(u—1 u(u—1)(u—2
J’(X)=J’0+_Ayo+¥A2 PG )A3y

u(u—1)(u—-2)(u—3) 4
Yo + A
1! 2!

3] 0 7 Yot
14




X —X

- O Here xy=0 & h=1-0=1 (or) 2-1=1

where u =

Let u=(xT_O)=x = u=x

-1 ) [x — 1][x — 2
yr= 1+ & (s QB ) (e U2

(12)

—14x— (-1 + (%)(x)[x—l][x—Z]
=14 x—[x?—x]+ (2)[x?—x][x— 2]
=—x?+x+1+4+ x+ (2)[x3—x2%—2x% + 2x]
=—x?+2x+1+ (2)[x3—3x?+ 2x]
=—x?+2x+ 1+ 2x®—6x* + 4x
=2x3—-Tx*+6x+1
y(x) =2x3—7x*+ 6x+1
Tofind y(4):
f(4)=2(4)P°-7(4)%*+6(4)+1 £2(64)>7(16)+6(4) + 1
f(4) =41
Verification : f(2)=22P=7(2)*+6(2)+1 = =16-28+12+1

f(2)=+1

The Newton’s backward interpolation formula is
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y (x) =y (x, + ph) =yn+%Vyn+% vzyn+V(V+13)!(V+2) V3y 4 e,
where u=’“‘h’“". Here x;=3 & h=1-0=1 (or) 2—-1=1
Let uz(xT_s)zx—3 = u=(x—3)
()= 10+(xl—!3) (9)+(x—3)[(;c!—3)+1] (10)+(x—3)[(x—3);r!1][(x—3)+2] (12)

1049 (x-3)+ (g)(x—3)(x—2)+ (%)(x— 3)(x - 2)(x — 1)
=9x—174+ (5)(x? =3x—2x+6)+ (2)(x?—=3x—2x+6)(x—1)
=9x—17+ (5x%2—15x—10x+30) + (2)(x3 —3x2—2x%? + 6x —x?>+3x+ 2x—6)
=9x—17 + 5x% —25x+ 30 + (2)(x3 — 6xAF11x— 6)
=9x — 17 + 5x% — 25x + 30 + 223 =12x% + 22x — 12
y(x)=2x3—7x*+6x+1
To find y(4):
f(4)=(4)°%—-T7(4)?*+6(4)+1
f(4) =41
Therefore the cubic polynomial in bothecases are correct.

5. Using Newton’s backward formula find the interpolating polynomial of degree 3 for the data.

f(—0.75) = —0.07181250, f(—0.5) = —0.024750, f(—0.25) = 0.33493750, £(0) = 1.10100.

Hence find f(_?l)

Solution: Since f(x) = y. Letus form the difference table

X y Vy VZy V3y
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—0.75 (xy) | —0.07181250 (y,)
[Vy,] 0.0470625
—0.5 (x,) | —0.024750 (y,) [V2y,] 0.312625
[Vy,] 0.3596875 [V3y,] 0.09375
—0.25 (x;)| 033493750 (y,) [V2y,] 0.400375
[Vys] 0.7660625

0 (x3) 1.10100 (y3)

There are only four data are given. Hence the polynomial is of order 3
The Newton’s backward interpolation formula is

VV+1) _, VI +DV+2)

1%
y(x)=y(xn+ph)=yn+FVyn+Tvyn+ 3 V3y11+"' ------

where u = ’“‘h’“ Here x; =0 & h=—0.50—(—0.75) = +0.25

x-0 X X
Let u=(13)=i5% = u=i%
X X
(E2) +1
y (x) = 1.10100 + (0125) (0.7660625) +( 0.2 )[(20 z)+ ] (0.406375)
X
+1 +2
110100+ ( ) (076606257 ( X )(x + 0.25) (0.406375) +( X )<x + 0.25) (x + 0.50) (0.09375)
- 0.2 025/ \ " 025 2 0.25/\" 025 0.25 6
110100 + (0.7660625) (et 025) ( 0.406375 )+ (4 0.25) (e + 0.50) ( 0.09375 )
- “\" 025 PRI 20025)(0.25)) T T AT RS 200.25)(0.25) (0.50)
110100+ (0.7660625)+ (24025 ( 0.406375 )+( 2 4025 0+ 0.50) ( 0.09375 )
- “\" 025 T EeX\Z0025)(0.25)) T T A T B 5(0.25)(0.25)(0.50)
110100+ (0.7660625)+ (4240251 ( 0.406375 )
- *\" 025 TR XN\ 2(025)(025)
+ (x3+0.25x%+0.50x%2+0 125x)( 0.09375 )
' ' ' 2(0.25)(0.25)(0.50)
To find y(4):

f(4)=24)°3-70*+6(4+1

f(4) =41
17



Verification: f(2) =2(2)*-7(2)*+6(2)+1 = =16-28+12+1
f(2)=+1

Therefore the polynomial is correct.

6. From the following data, find the number of students whose weight is between 60 to 70.

weight in Lbs: 0-40 40-60 60 - 80 80-100 100-120
No.of Students 250 120 100 70 50
Solution:  We form the difference table
X y Ay Ay Ay Aty
Below 40 (x,) 250 (yo)
120 (Ay,)
Below 60 (x;) 370 (y,) —20 (A%y,)
100 (Ay,) —10 (A%y,)
Below 80 (x,) 470 (y,) —30 (A%y,) 20 (Aty,)
70 (Ay,) 10 (2%y,)
Below 100 (x3) 540 (y;3) —20 (A%y,)
50 (Ays)
Below 120 (x4) 590 (y,)

Now let us calculate the no. of students whose

The Newton’s forward formula is

u uu-1) u(u-1)(u=-2) u(u-1)u-2)(u-3)
y)=yo+ph)=yo+ AYe+—— APy +——— APyt " At yg+

where u:’”‘h’%. Here xo =40 & h=60—-40=20 (or) 80—60=20

Let u= (70‘40) =30_ 15 Since x =70
20 20

y(70) =250+ 09 (o5 AILS U () ASMS LS )
N (1.5)[1.5-1] [i'S —2][1.5-3] (—20) +

= 250+ (15) (250) + (1.5)[0.5] (— ?) + (1.5)[0.5][0.5] (— %) + (1.5)[0.5][~0.5] [~1.5] (— §)+

=250+ 180— 7.5+ 0.625 + 0.46875
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y (70) = 423.59 = 424 (App)

7. The following data are taken from the steam table.

Temp °C 140 150 160 170 180

Pressure 9/ 3.685 4.854 6.302 8.076 10.225
Find the pressure at temperature t=142° & ¢t =175°.

Solution: We form the difference table

t P Ap A%p A%p A'p
140 3.685 (7o)
1.169 (Ay,)
150 4854 (y,) 0.279 (A%y,)
1.448 (4y,) 0.047.(A%y,)
160 6302 (y,) 0.326 (A2y;) 0.002 (A*
1.774 (Ay,) 0.049 (A%y,)
170 8.076 (ys) 0.3757(A2y,)
2.149 (Ays)
180 10.225 (y,)

To find the pressure at temperature t = 142°

Let us use the Newton’s forward formula :

u
1!

uU@—-1)
Ay k o1 A? Vo +

u(u—-1)(u-2) A3 y0+u(u—1)(u—2)(u—3) A4

y () =y (xo+ph) =y, + - "

where © =22 Here x,=142 & h=180—170=10 (or) 160—150=10

h

Let u= (%) =2 =02 since x =142
p (142) = 3.685 + ((i;?) (1.169) + % (0.279) + (0.2)[0.2 _3 ,1] [0.2=2] (0.047)
, (02)102-1) [2.'2 ~2[02-3) oo
= 3.685 + (0.2) (1.169) + (0.2)[—0.8] (&279) +(02)[-0.8][-1.8] (&647) +(0.2)[=0.8][~1.8][—2.8] (%)

= 3.685 + 0.2338 £ 0.02332 + 0.002256 + 0.0000672

p (142°) = 3.898 (4pp)
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To find the pressure at temperature t = 175°

Let us use the Newton’s backward formula :

where u =

Let uz(

y(x) =10.225+

V(V+1)

VWV + 1DV +2
. (V+1)( )ng

szn, + 3 !

1%
y(x)=y(xn+ph) =yn+Fvyn+

x-th_ Here x, =180 & h=180—-170=10 (or) 160—150=10
1751—0180) — _% = u=—-05
(—10'.5) (2149) + (—0.5)[(2—'0.5) 1 0375 4 Z0D05 ;'1] =05+ 2] 4 049)
L (F05)[-05+1] [4—'0.5 +2][-0.5 + 3] (0.002)
¥ (x) = 10.225 + (=0.5) (2.149) + (=0.5)[0.5] (&75) 1 G0.5)[05](1.5] (_0'049)
2 6
0.002
+ (—0.5)[0.5][1.5][2.5] (7)

= 1.225-1.0745 - 0.0046875 +<'0.0030625 — 0.000078125

p(175°) £/9.100 (App)
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