UNIT-4
TAYLOR SERIES METHOD
The Taylor series algorithm is

(x —x) ,+(x—x0)2 " (x—x0)3 " (x—x0)4
11 Yo 21 0 31 0 41

y(x) =y + 5+

2 3 4
h 17

h h .
(01) y(x) =yo + 11 Y0 +§J’o +3, Yo 4, Yo'+ Where h =x; — x,
Example. 1:

Using Taylor series method Find thevaluey at x= 0.1 if Z—i’ =x?y—1, y(0)=1.

ay

Solution: Given —= x’y—1 & y(0)=1 = x,=0,y,=1 Since [y(xy) = yol

Taylor series formula is

(x —x9) , (x —Xo)z " (x— X0)3 " (x —x0)4 :
Y =yot—r— nt——S vt Wt W (1)
y'=x*y-1 Vo= (-1 yh=-1
y'=x2y'+y2x—0 Vi =33 3% + 2 5% = 0(=1) + 2 (1)(0) Yo =0
y"=x?y"+vy'2x+ 2y +2xy 2y + 4y xy+ 2y, =2
Y =x2y" +4y x+2y - = 0(0) + 4(—1)(0) + 2(1) 0
YU =aty" 20y + 4y + 4y x 2y Yo' =x§ ¥o" + 6x0y5 + 6y Y =—6
P = x2y" +6xy" +6 N I = 0(0) + 6(0) (0) + 6 (1) 0
Therefore equation (1) becomes, — ./
(x—x9) , (x—x0)* , (x—x¢) ,, (x—x0)* .
y(x)=y0+ 1|0 yO 2!0 yO + 3[0 y(] +4—'Oy5v e ‘(1)
(x 0) (x — 0)? (x—0)3 (x—0)*
=1+ (CD S () ()T (<6

2 3 4
y(x) = 1+x(—1)+% (0)+7= (2 +5; (-6)

Tofind y at x=10.1

(0. 1) (0.1)3 (0.1)*

y(0.1) = (D)4

(=6)
=1-0.1+0 + 0.000333333 — 0.000025

y(0.1) = 0.900305




Example. 2:
Solve y' =x+y, y(0) =1 by Taylor series method. Find thevaluey at x=0.1 & 0.2

Solution :

d
Given y' = é =x+y & y(0)=1 = x,=0, Vo=1 Since [y(xy) = vol

Taylor series formula is

(x—x9) , (x—x0)* , (x—x0) ,, (x—x0)* .

y(x) = 1!0 Yo+ 2!0 Yo + 3!0 Yo +4—!°y5” (1)
y'=x+y Yo=Xo+yo=0+1 Yo =1
y'=1+y Yo =1+ y=1+1 Yo =2
ylll — 0 + yll yéll — 6' — 2 yéll — 2
ylv — ylll yé‘l] — III — 2 y(;v _ 2 b&'

)

Therefore equation (1) becomes, C

(X - XO) ’ (X _XO)Z " (X - X0)3 177 j
x—0 2 3
=14 )(1) - 0F — 0 (2)+% —a @D+

2 3 4
y(x)=1+x+x7 (2)+%(2)+x— )

Tofind y at x=0.1

(0 1)2 (0. 1)3 (0 1)“

y(01)=1+(0.1)+ (2)+ (2)+

(2)
=1+0.14+0.01+ 0.000333333 + 0.0000083333
y(0.1) =1.11034
Tofind y at x=10.2

(0 2)2 (0. 2)3 (0 2)4

y(02) =1+(0.2)+ (2)+ (2)+

(2)
=1+ 0.2+ 0.04 + 0.0026667 + 0.00013333
y(0.1) =1.2428000

Example. 3: Solve % = y2 + x? with y(0) = 1. Use Taylor’s method at x = 0.2 and 0.4.
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Solution: Given % =y2+x2 & y(0)=1 = x,=0, y,=1 Since [y(xy) =yl

Taylor series formula is

(x —xg) , (x —xo)z " (x— X0)3 " (x —Xo)4 :
y(x) =y + 11 Yo 2% Yo 31 0 41 yo' (D)
y' =yt 4+t Yo=Y5+x5=1+0 vo=1
y''=2yy' + 2x Yo = 2yo Yo + 2x0 = 2(1)(1) + 2(0) Yo =2
y" =2y y" + 29"y + 2 Yo' = 2y0 yo' + 2(9)% + 2 ST =8
ym =2y _')7” + 2(y’)2 + 2 = 2(1)2 + 2(1) + 2 ’
yv=2yy"+2yy Ay y” Yo' =2yo o' + 6yo¥0 yIv =28
Y =2yy" + 6y'y" =2(1)8+6(1)2 N ’
A
Therefore equation (1) becomes,
(x—x9) ,  (x—x)% , (x—x0)°* , ( )N
y(x):y0+ 1| yO 2! y0+ 3| yO + 4 Ov+“. '(1)
Y —0 2 ¥ —0)3 x 4
=1+ ( )(1) ( — 0) (2)+—( ) (8)+( ) (28) + -

2 3
Y =1+x +5 +x—(8)+— (28) Q

Tofind y at x=0.2

2 4
y(02)=1+0.2 +(0'22) += (8)+(02) (28)

=1+4+0.2+0.02+ 0.010667 + 0.00186667

y(0.2) =1.23253

Tofind y at x=0.4

2 3 4
y(04) =1+ 0.4 +(0';D +(0':) (8) + (0 ) (28)

=140.4+4 0.08 4+ 0.085333 + 0.0298667

y(0.4) =1.5952

Example. 4: Using Taylor series method with the first five terms in the expansion find y(0.1) correct to

three decimal places, given that % =e*—y? y(0)=



Solution: Given % =e*—y? & y0)=1 = x,=0,y,=1 Since [y(xy) = Vol

Taylor series formula is

(x —xo) , (x —xo)z " (x — X0)3 " (x —Xo)4 ; (x —xo)s
Y =yot—r— nt——S ¥ 37 Nty vt v (D)
y' =e*—y? yo=e*—yj=e'—1=1-1 ¥ =0
y'=e¥=2yy Yo =e*o—2y,y=1-2(1)(0)=1 Yo =1
y'=er =2y y" =2y y¢" = e*o = 2yo ¥ — 2(vo)? =1
n 11} I 0 -
y"=er—2yy" —2(y")? =1-2(1)(1) - 2(0)
ylv =X — zy ylll — zylyll 4yl yll yév — exo — 2y ylll _ 6y6y61 ym 4
r n r..07 0 -
yU=et=2yy" —6y'y =1-2(1D(-1) —@0)(1)
yY=er=2yy" =2y'y" —6y'y" —6y"y" | y¥=e*o =2y, ¥ - = 6(yp)? »=—11
Y = eF =2y ¥ = 8y'y" — 6(y")’ =1- 3&53) 1) — 61

Therefore equation (1) becomes,

(x = xp) (x _xo)z (x — x0)3
Y=ot =7 Nt v t——3 %

-—xw4. (x = x)?
4| y(’iv-l- 5| yg"'

(1)

_ (x 0) (x—0)? x—0)* (x = 0)3
=1+ (0) + — (H+ 2 3+ 170 (—11)...
22 3 4 x5
y(x)=1+x(0)+?(1)+z (3)+m( 11)
To find y(0.1) : [y at x= 0.1]
2 3 4 5
y(01)=1+0.1(0) + (0 1) (1) + ©. 1) -1+ ©. Z) 3)+ ((1)21()) (-11)

=1+0+0.005-0.00016667 + 0.0000125 — 0.00000091667

y(0.2) =1.004844

Example.5: Using Taylor series method Find y(0.2) & y(0.4) correct to four decimal places
given Z—i’= 1-2xy, y(0)=0
Solution: Given % =y'=1-2xy & y(0)=0 = x,=0, y,=0  Since [y(xy) = yol

Taylor series formula is




(x—x) , (x —x,)? " (x — x0)° " (x—xo)* . (x—x0)5
y(x)=y0+ 1 Yo T+ 2 Yo T+ 31 Yo +Ty5” Tyg+ e (1)

7 ' y(S’:_ZXoJ’é_ZJ’o "
y' =0—-2xy -2y vy =0
=—2(0)(1) - 2(0)

y’" =-2 .X’y” - 2y’ - Zy’ y(;” ==2 Xo y(;’ - 4y(; ylll =4
" ” ! o
P = 2xy 4y = —2(0)(0) — 4(1)
y'V:—ny”’—Zy"—‘ly" J’6v=_2x03’5"_63’5' ylv_o
PP = —2xy" —6y" = —2(0)(—4) — 6(0) ’
yv = —ny’v -2 ym — 6y’" yév = _sz y(;v - 8_’)’6” ylv =37
Y'Y= —2xy" =By = ~2(0)(0) - 8(~4) °

&

Therefore equation (1) becomes,

_ Y )3 )5
ye) =y + Sy B 2RO St e )
o x=0) (x — 0)? (x—0)3 (x— (x—0)3
=0+ 1 (1)+T (0)+T (-4)+ 2 (0) + 120 (32) ...
3 5 )

y(x) = x +% (—4) + % (32) Q

To find y(0.2) :

3
O27 4 32)

(02)=02 +-—

= 0.2 -0.005333 + 0.00008533
y(0.1) = 0.194752
To find y(0.4) :

(0.4)3 (0.4)5
6 =0+ 120

y(04) =04 + (32)

= 0.4 — 0.0426667 + 0.002730667
y(0.1) = 0.360063

Example. 6: Using Taylor series method Find y at x = 0.1 correct to four decimal places given

%=x2—y, y(0)=1.Take h=0.1



Solution: Given Z—z =y'=x?—y & y(0)=1 = x,=0,y,=1 Since [y(xy)=y,]

Taylor series formula is

() = yo + (XI!XO) % (x_ZTO)Z ys (X;TO)g yyr + &0 _4)!(0)4 Vi
y'=x*-y Yo=x§=yo=0-1 Yo =-1
y'=2x—y Yo =2x —yo=2(0)—(-1) Yo =+1
yr=2-y" W =2-y =2-1 y =1
yr=0-y" v ==y =-1 e’ = -1

Therefore equation (1) becomes,

(x = xp) , (X—Xo)z " (X—X0)3
Y& =yt Nty t—3;
L =0 (x—0)2 (x—0)3
=1+ D+ (D
XZ 3 x4—
y(x)—l—x+? +z+2—4(—1)
Tofind y(0.1): [y at x=0.1] .

2 3
+(0.1) +(0.1 1)

0.1
y(0.1) = 1—0.1+( 2)
=1-0.1+0.00

y(0.1) =0.90516

24

5+ 016667 — 0.00000416667

(1)

(1)

Using Taylor series method, Find y(1.1) given y' =x+y, y(1)=0.

Example. 7:
Solution: Given % =y'=x+y & y(1)=0 = x5=1, yo=0 Since [y(xy) = vl
Taylor series formula is
y(x)=yo+ S I!XO) Yo+ S _ZTO)Z Yo S ;TO)B ¥ (%) ;T°)4 Y+ (1)
y=x+y Ve=Xxg+yo=1+0 yi=1
yr=14y Yo =14y, =1+1 Yo =2
=y W= =2 v =2




Y=y = vy =2 o =2

Therefore equation (1) becomes,

_ 2 )3 R
y(x) =yo+(X1!X°) g+ & 2160) yy +& 3T°) g+ EX0) 4T°) WA (D)
B (x—1) (x—1)? (x—1)3 (x—1)*
=0+ 1 (1) + > (2)+ A (2)+ 2 (2)
—1)3 _ 14
y(x)z(x—1)+(x—1)2+(x 31) +(x121)

Tofind y(1.1) : [y at x=1.1]

_ 3 _1\4
(11-1) +(1.1 1)

yAD=11-D+(L1- 17 +=— 12

3 4
(0.1) N (0.1)

= (0.1) +(0.1)% + = "

=0.1+0.01 + 0.0003333 + 0.0000083333

y(0.1) =0.11034

EULER’S METHOD & MO D EULER’S METHOD

The Euler’s formula is Q
Yas1(ta+ ) =yn+ h[f(taya)] , n=94,2,2. ... (1)
Example.1: Given y' =—y an =i , determine the values of y at x = (0.01) (0.01) (0.04)

by Euler’s method.

Solution: Given y'=—-y and y(0)=1 = x,=0, y,=1 [Since  y(xy) = Vol
~ floy) =—y

Tofind h: Since y(0)=1 = y(xy)=y0

We needto find y at x = (0.01) (0.01) (0.04)

= y(x)=?, [y(001)=?] & y(x,)=? [y(0.02)=?] .. = x, =001, x,=0.02 ..

. h=x; —x,=0.01-00=0.01 (or) h=x,—x;=0.02-0.01=0.01 [Difference]

The Euler’s formula is
Ynr1(Xn+h) =y, + h[f(xp,y)] , n=0,1,2,..... ... (1)

To find y(0.01) :




Put n = 0, equation (1) becomes
y1(xg +h) = yo + h[f(xq,y0)]
We have x,=0, yo=1, h=0.01 & f(x,y)=—y
y,(0+0.01) = 1+ (0.01) [£(0,1)]
,(0.01) =1+ (0.01) [-1] = 1— 0.01
y,(0.01) = 0.99 [y(x,) =y, = x =0.01 & y,=0.99
To find y(0.02) :
Put n = 1, equation (1) becomes
y2(en +h) =y + h[f(xy,31)]
We have x; =0.01 & y; =099, h=0.01 & f(x,y)=—y
,(0.01 + 0.01) = 0.99 + (0.01) [£(0.01,0.99)]
,(0.02) = 0.99 + (0.01) [—0.99] = 0.99 — 0.0099
7,(0.02)=0.9801  [y(x,)=y,] = x,=0.02 & y,)=0.9801
To find y(0.03) :
Put n = 2, equation (1) becomes -
y3(xa+h) =y, + h[f(x2,y2)] Q
We have x,=10.02 & y, =0.98 =0.01 & f(x,y)=—y
5(0.02 + 0.01) = 0.9801 + (801))[£(0.02,0.9801 )]
5(0.02) = 09801 + (0.01) [—0.9801] = 0.9801 — 0.009801
5(0.02) = 0.970299 [y(x3) =y5] = x3=0.03 & y; =0.970299
To find y(0.04) :
Put n = 3, equation (1) becomes
Ya(xs +h) =y3+ h[f(x3,y5)]
We have x;=0.03 & y; =0.970299, h=001 & f(x,y)=—y
7,(0.02 +0.01) = 0.970299 + (0.01) [£(0.03,0.970299 )]

1,(0.02) = 0.970299 + (0.01) [-0.970299] = 0.970299 — 0.009702999

,(0.02) = 0.96059 [y(x,) =y, = x,=0.03 & y, =0.96059



Example.2: Using Euler’'s method Solve numerically the equation
y=x+y , y(0)=1 for x=0.0(0.2) (1.0).
Solution: Given y'=x+y and y(0)=1 = x,=0, yo=1
o floy)=x+y
Tofind h: Since y(0)=1 = y(xy) =y,

We need to find y at x =(0.0) (0.2) (1.0)

[Since  y(xo) = yol

= y(x) =7, [y(02)=?] & y(x,)=? [y(04)=?] ... = x;,=02 x, =04 ..

. h=x,—x,=02-00=02 (or) h=x,—x,=04—-02=0.2

The Euler’s formula is

Va1 G+ ) =Y+ R[f ¥, =012,

To find y(0.2) :
Put n = 0, equation (1) becomes
y1(xg +h) =yo + h[f(x0,¥0)]
Wehave x,=0, yo=1, h=02 & f(x,y)=x+y
y1(04+0.2) =14 (0.2) [f(0,1)] -
y,.(02)=1+(02)[0+1] =1+ (%Q
y,(0.2) =1.2 ly(xq) = g =02 &y, =1.2
To find y(0.4) :
Put 1 = 1, equation (1) becomes
y2(x1 +h) =y + h[f(x;, )]
Wehave x; =02 &y, =12, h=001 & f(x,y)=x+y
1,(02+0.2) = 12+ (0.2) [f(02, 1.2)]
1,(0.4) = 1.2+ (0.2) [0.2+ 1.2] = 1.2+ 0.28
1,(0.4)=1.48 [y(x,)=vy,] = x,=04 &y,=1.48
To find y(0.6) :
Put n = 2, equation (1) becomes

y3(e +h) =y, + h[f(xz,y2)]

[Dif ference]



We have x,=04 & y, =148, h=02 & f(x,y)=x+y
15(04+ 0.2) = 148+ (0.01) [£(0.4, 1.48)]
75(0.6) = 1.48 + (0.2) [L48 + 0.4] = 148+ 0.176
v5(0.6) = 1.656 [y(x3)=y3] = x3=0.6 & y;=1.656
To find y(0.8) :
Put 1 = 3, equation (1) becomes
ya(xs +h) =y3+ h[f(x3,y5)]
We have x;=0.6 & y;=1.656, h=02 & f(x,y)=x+y
7,(0.6+ 0.2) = 1.656 + (0.2) [f(0.6, 1.656)]
,(0.8) = 1.656 + (0.2) [0.6 + 1.656] = 1.656 + 0.4512
v4(0.8) =2.1072 [y(x4)=y4 = x,=08 &y,=0.9
To find y(1.0) :

Put n = 4, equation (1) becomes

ys(xg+h) =y, + h[f(x4,y4)]

We have x,=08 & y,=21072, h=0. =xX+y
“  y5(084+0.2) =210724(0.2) [f(O.S,Q% )]
=1.656 + (0.2) 1.656] = 1.656 + 0.4512
y:(1.0) = 2.1072 [Y(xs) =ys] = x,=1.0 & y:=2.1072

Example.3: UsingEuler’s find y(0.3) of y(x) satisfies the initial value problem

d 1
L= 2(1+x2)y?, y(02) = 11114

Solution: Given y' = f(x,y) = Z—i = %(14— xHy? and y(02)=11114 = x,=0.2, y,=1.1114

1
s fley) = E(l + x2)y?
Tofind h :
Since y(0.2) =1.1114 = y(xy) =Yo

Weneedto find y at x =0.3

= y(x) =2, [y(03)=?] = x; = 0.3,
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“ h=x; —x,=03-02=0.1 [Dif ference]
The Euler’s formula is

Ynm(xpn+h) =y, + h[f(x,,y,)] , n=0,1,2,..... ... (1)

To find y(0.3) :
Put n = 0, equation (1) becomes
y1(xg +h) =yo+ h[f(x0,y0)]
1
We have x,=0.2, y,=11114, h=01 & f(x,y) = E(l + x2)y?

y,(0.24 0.1) = 1.1114 + (0.1) [(0.2,1.1114)]

=1+(0.1) [%(1 + (0.2)2)(1.1114)2] =1.1114 + 0.1 [0.642309]

y,(0.3) = 1.17564 [y(x)=y,] = x%,=03 &y, =1.17

Example . 4 : Using Euler’s method find the solution of the initial value
Z—z =log(x+vy), y(0) =2 at x=10.2 byassuming h= 0.2

Solution: Given
Y =fry) =2 =loglx+y) and y(O)Z x=0, yo=2 [Since y(xo)=yol
s f(x,y)=log(x+y), h=0.2
The Euler’s formula is
Ynm(Xpn+h) =y, + h[f(x,,y,)] , n=0,1,2,..... ... (1)
Tofind y at x=0.2 [y(0.3)]:
Put n = 0, equation (1) becomes
y1(x +h) =yo + h[f(x0,¥0)]
Wehave x5=0, yo=2, h=02 & f(x,y)=log(x+y)
y1(04+0.2) =24 (0.2) [f(0,2)]
y,:(0.2) =24 (0.2) [log(0+2)] = 2+ 0.2 [log 2]
=2 +(0.2) [0.301029] = 2.060205

y,(0.2) = 2.060205 [y(x)=y,] = x=0.2 & y; =2.060205

MODIFIED EULER’S METHOD
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h h
Yns1(Xp+h) =y, + hf(xn+5, yn+E f(xn,yn)) , t=0,1,2,..... ... (1)

Example.5: By Modified Euler’s method, compute y(0.1) with h=0.1 from Z—Z =y- Zy—x , y(0)=1
Solution: Given

Y =@y =2=y-2 and y(0)=1 = x=0, =1 [Since y(xo)=yol

2x
“ flay)=y— 7, h=0.1

The Modified Euler’s formula is

h h
Yos1(Xp+h) =y, + hf(xn+5, yn+E f(xn,yn)) , t=0,1,2,..... ... (1)

Tofind y at x=0.1 [y(0.1)]:

Put n = 0, equation (1) becomes
h h
yilxg+h)=y,+ hf|x +§‘ Yo +§ f(x0,0)

We have x,=0, yo=1, h=01 & [f(x,a) =W v

y1(0+01)—1+(01)f 0 +—f(01)

(0)
y1(0.1) =1+(0.1)f +0.05 1— -

=1+ (0.1) £(0.05, 1+ 0.05[1])
=1+ (0.1) £(0.05, 1.05)

2(0.05)
1.05

=1+(0.1) [1.05 -

=1+ (0.1) [1.05— 0.0952]
=1+ 0.09548
,(0.1) = 1.09548
y,(0.1) = 1.09548 [y(x)=y,] = x,=0.1 & y, =1.09548

Example.6: Using Modified Euler’s method, find y(0.1) if % =x%+y%, y(0)=1.
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Solution: Given

v =f(xy) ———x +y* and y(0)=1 = x,=0, yo=1  [Since y(xo) = yo]
Tofind h :

Since y(0) =1 = y(x9) =y
Alsowe need to find y(0.1) = y(x;) =7, [y(0.1)=?] = x;, =0.1,
“h=x—x,=01-0=0.1 [Dif ference]

The Modified Euler’s formula is

h h
Yns1(Xp+h) =y, + hf(xn+5, yn+E f(xn,yn)) , n=0,12,.... ... (1)

To find y(0.1) :

Put n = 0, equation (1) becomes

h
yi(xg+h) =yo + hf<xo 5 Yo ‘|‘ f(xo»}’o)

Wehave x,=0, yo=1, h=01 & f(x,y)=x%+y?
y1(0+01)—1+(01)f 0+—

y,(0.1) =1+ (0.1) £(0.05, 0.05[0% +17])

=1+ (0.1) £(0.
=1+ (0.1) f(0.05, 1.05)
=1+ (0.1) [(0.05)% + (1.05)?]
=1+ (0.1) [1.105]
=1+ 0.1105
y:(0.1) =1.1105

y,(0.1) = 1.1105 [y(x)) =y = x =01 &y, =1.1105

Example.7:
Consider the initial value problem % =y—x?+1, y(0) = 0.5. Using Modified Euler's method, find y(0.2).
Solution: Given y' = f(x,y)= Z—Z =y—x?4+1 and y(0)=05 = x,=0, y,=0.5
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Tofind h:

Since y(0) =0.5 = y(x) =¥,
Alsowe need to find y(0.2) = y(x;) =7, [y(0.2)=?] = x;, =02
“h=x;—x,=02-0=0.2 [Dif ference]

The Modified Euler’s formula is

h h
Ynur(xn+h) =y, + hf<xn+5, yn+Ef(xn,yn)) , mn=0,1,2,.... ...

To find y(0.2) :
Put n = 0, equation (1) becomes
h h
yi(xg+h)=yo+ hf|x +§’ Yo +§ f(x0,¥0)
Wehave x,=0, =05, h=01 & f(x,y)=y—x?+1

y,(0+0.2) = 0.5+ (0.2) f(O L 22

05+0'2 (0,0.5)
2 zf o

y,(0.2) =14(0.2) (0.1, 14+ 0.1[05—-0%+

= 0.5+ (0.2) £(0.1, 05+@%

= 0.5+ (0.2) (0.1, 0.65)

= 0.5+ (0.2) [0. +1]
= 0.5+ (0.2) [1.64]
= 0.5+ 0.328
y,(0.2) =0.828
y,(0.2) = 0.828 [y(x)=y,] = x =02 &y, =0.828

Example . 8: Solve y'=1-—y, y(0) =0 by using Modified Euler's method.

Solution: Given

y'=f(x,y)=%=1—y and y(0)=0 = x,=0, yo=0 [Since y(x,)=

To find h:
Assume h =0.1

The Modified Euler’s formula is
14

Yol



h h
Yns1(Xp+h) =y, + hf(xn+5, yn+E f(xn,yn)) , t=0,1,2,..... ... (1)

To find y(0.1) :

Put n = 0, equation (1) becomes

h h
n(xg+h)=ys+ hf <xo +§’ Yo +§ f(%d’o))

Wehave x,=0, yo=0, h=01 & f(x,y)=1—y

y,(040.1) =0+ (0.1) f<0 +%, 0+ % f(0,0)>
y,(0.1) =0+ (0.1) £(0.05, 0+ 0.05[1—0])
= (0.1) £(0.05, 0+ 0.05[1])
= (0.1) £(0.05, 0.05)

= (0.1) [1— 0.051]

(0.1) [0.95]
= 0.095
y,(0.1) = 0.095
y,(0.1) = 0.095 [y(x1) =y = x,=0.1 &y, =0.095

To find y(0.2) :

Put n = 1, equation (1) becomes

h h
v2( +h) =y, + h'f(xl +§; b1 +§ f(xl;)h))

We have x; =01, y,=0.095, h=01 & f(x,y)=1—y

0.1 0.1
1,(0.1 + 0.1) = 0.095 + (0.1) f<0.1 +, 0095+ f(0.1,0.095)>

,(0.2) = 0.095 + (0.1) £(0.15, 0.095 + 0.05[1— 0.095])

0.095 + (0.1) £(0.15, 0.095 + 0.05 [0.905])

0.095 + (0.1) £(0.15, 0.14025)

= 0.095 + (0.1) [1 — 0.14025]

15



= 0.095 + (0.1) [0.85975]
,(0.2) = 0.18098
y,(0.2) = 0.18098 [y(x) =y,] = x,=0.2 & y, = 0.18098
To find y(0.3) :

Put n = 2, equation (1) becomes

h h
y3(xz+h) =y, + hf('xz + 2 Y2t > f(xz,J’z))
We have x,=0.2, y,=0.180985, h=0.1 & f(x,y)=1—y
0.1 0.1
v5(0.2+0.1) = 0.18098+ (0.1) f| 0.2+ - 0.18098 + - £(0.2,0.18098)

y5(03) =0.18098 + (0.1) £(0.25, 0.18098+ 0.05[1— 0.18098])

0.18098 + (0.1) f(0.25, 0.18098 + 0.040951)

0.18098+ (0.1) f(0.25, 0.221931)
= 0.18098 + (0.1) [1 — 0.221931]
= 0.18098 + (0.1) [0.778069]

= 0.18098 + 0.0778069 Gﬁ

5(03) = 0.2587869

y5(0.3) = 0.2587869 W9, = x; =0.32 & y; = 0.25878698

IMPROVED EULE’S METHOD
Vns1(Xn + h) =y, + <g) [fOny) + F(xn+h, yo+hfxpyn))] , n=0,1,2,.... ... (1)
Example . 8:
Find yat x=0.1,02 & 03 given y'=1-—y, y(0)=0 by using Improved Euler’s method.
Solution: Given

d .
Y =fan=2=1-y and y0)=0 = x=0, y,=0 [Since y(xg)=y,]

To find h :
Since y(0)=0 = y(x) =0

Alsoweneed to find y at x =0.1,0.2 & 0.3
16



= y(x) =2, [y(01)=?] & y(x,)=? [y(02)=?] ... = x;,=01, x, =02 ..

YW h=x—xy=01-00=01 (or) h=x,—x;,=02—-01=0.1 [Difference]

~ h=01

The Improved Euler’s formula is
h
VYnr1(Xn +h) =y, + (E) [feny) + fF(xn+h, Yo+ hfxy))]  n=0,1,2,.... ... (1)

To find y(0.1) :

Put n = 0, equation (1) becomes
h
yi(xg+h) =y, + <§) [f Cxo,v0) + f(xo+ R yo + h f(x0,50))]
We have x,=0, y,=0, h=01 & f(x,y)=1—y
y.(0+01) =0+ (%) [F(0,00+ f(0+0.1, 0+0.1/(0,0))]

y:1(0.1) =0+ (0.05) [£(0,0)+ f(0+0.1, 0+0.1
= (005 [(1-0)+ (0.1, 0.1[1—0])]

= (0.05)[(1) + f(0.1, 0.1[1

= (0.05) [1+ F(0.1, m@fs

(0.05) [1+(1-01)
- (005)[1+ﬂ@§’

= 0.095

y,(0.1) = 0.095
y,(0.1) = 0.095 [y(x4) =y = x,=0.1 & y; =0.095
To find y(0.2) :
Put n = 1, equation (1) becomes
yaCa B =30+ (3) [FGron) + £+, 3y +h fGeay)]
We have x; =01, y;,=0.095, h=01 & f(x,y)=1—y
y,(01+0.1) = 0.095 + (0 ) [£(0.1,0.095) + £(0.1+0.1, 0.095+ 0.1 (0.1, 0.095))]

,(0.2) = 0.095 + (0.05) [(1— 0.095) + £(0.1+ 0.1, 0.095+ 0.1[1— 0.095])]
17



= 0.095 + (0.05) [(0.905) + f( 0.2, 0.095+ 0.1[0.905])]
= 0.095 + (0.05) [(0.905) + £( 0.2, 0.1855)]
= 0.095 + (0.05) [0.905+ (1— 0.1855)]
= 0.095 + (0.05) [0.905 + 0.8145]
= 0.095+ (0.05) [1.7195]
,(02) = 0.180975
y,(0.2) = 0.180975 [y(xy) =y,] = x,=0.2 & y, = 0.180975
To find y(0.3) :
Put n = 2, equation (1) becomes

h
v3(xa+h) =y, + (E) [f(xz;J’z) + f(xz +h y,+ hf(xz»J’z))]

We have x,=0.1, y,=0.180975, h=0.1 & f(x,y)=1

0.1

y5(0.2 +0.1) = 0.095 + (7> [£(0.2,0.180975) + f(0: 0.180975 + 0.1 £(0.1, 0.180975))]|

15(0.3) = 0.180975 + (0.05) [(1 — 0.180975) + fi(®.3, 0.180975+ 0.1 [1 — 0.180975])]

0.180975 + (0.05) [(0.819025)
0.180975 + (0.05) [(0.819825) +

0.180975+ (0.0 819025+ (1 —0.2628775)]

0.180975 + 0.1 [0.819025])]

0.3, 0.2628775)]

= 0.180975+ (0\05) [0'819025 + 0.7371225]
= 0.180975 + (0.05) [1.5561475]
= 0.180975 + 0.077807375

y3(0.3) = 0.258782 [y(x3) =y3] = x3=0.3 & y; = 0.258782

Example.9: Given y' =x?—y, y(0) =1 Find correct to four decimal places the value of ¥(0.1) by using

Improved Euler’s method.

Solution: Given

Y =fley)=2%=xt-y and y(0)=1 = x=0, y,=1 [Since y(x) =]
Tofind h:

Since y(0)=0 = y(x) =0

18



Also we need to find y(0.1)

= y(x) =7, [y(01)=?] = x; =01,
“h=x—x,=01-0.0=0.1 [Dif ference]
~ h=0.1

The Improved Euler’s formula is

h
2

Yn+1(Xn +h) =y, + ( ) [fenyn) + f(xn+h, yu+hfx,yn))] , n=0,1,2,.....

To find y(0.1) :
Put n = 0, equation (1) becomes

yilxg+h) =y, + (g) [f (x0,70) + f(x0+h, yo+ b f(x0,50))]
Wehave x,=0, yo=1, h=01 & f(x,y)=x%*—y

y(0+01) =1+ (%) [Fo,1)+ f(0+0.1, 1+0.1

y1(0.1) =1+ (0.05) [f(0,1) + (0.1, 1+ 0.17(0,1))

1+ (0.05) [(02—1) + f(0.1, 1+

1+ (0.05) [(-1) + f(@\c\l\ﬁ 4 [-1])]

=1+ (0.05)[-1+ f(0.1, 0.9)]

— 1+ (0.05) [~ —(09))]
= 14(0.05) [=1+ 7001 - 09)]
= 14 (0.05)[~1 - 0.89]
= 1+ (0.05) [-1.89]
= 1-0.0945
1,(0.1) = 0.9055
y,(0.1) = 0.9055  [y(x) =y, = x =0.1 & y, = 0.9055
Example . 10:

2x

Using Improved Euler’s methodfind y at x =0.1 & at x =0.2 Given y' =y -5 y(0)

Solution: Given
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y'=f(x,y)=3—i=y—% and y(0)=1 = x,=0, yp,=1

Tofind h :
Since y(0)=0 = y(x) =
Also we need to find y(0.1) & y(0.2)
= y(x) =7, [y(01)=?] = x; =0.1,
“ h=x—xy=01-0.0=0.1 [Dif ference]
<~ h=0.1
The Improved Euler’s formula is

h
2

[Since  y(xo) = yol

VYns1(Xn +R) =y, + ( ) [fenyn) + f(xn+h, yu+hfx,y,)] , n=0,1,2,....

To find y(0.1) :
Put n = 0, equation (1) becomes

h
2

yiGo+h) =30 + (3) [FGuyod + F(xo+ b, vo+h o))

Wehave x,=0, yo=1, h=01 & f(x,y)=x?—

y,(0+01) =1+ (%) [F(0,1)+ f(6H0. y 0.1/(0,1))]

y,(0.1) =1 + (0.05) [f((é%f()o_i, 140.1£(0,1))]
2(0 2(0)
1+ (0.05) [(1— : )+ f<0.1, 1+ 0.1[1——)]

14 (0.05) [(D)+ (0.1, 1+ 0.1[1])]

=1+ (0.05)[1+ f(0.1, 1.1)]

_ 2(0.1)
=1+ (0.05) [1 + (1.1 - T)]

= 1+ (0.05) [1+ (091818)]
= 1+ (0.05) [1.91818]
= 1+ 0.095909

,(0.1) = 1.095909

1

y,(0.1) =1.095909  [y(x,)=y;] = x;,=0.1 & y; =1.095909
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To find y(0.2) :
Put n = 1, equation (1) becomes
vo(x; +h) =y + <g) [f(leyl) + f(xl +h y»+ hf(x1»Y1))]
Wehave x; =0.1, y;, =1.095909 , h=0.1 & f(x,y)=x*—y
s y,(0.14 0.1) = 1.095909 + (%) [£(0.1,1.095909) + £(0.1+0.1, 1.095909 + 0.1 £(0.1,1.095909))]

¥,(0.2) =1.095909 + (0.05) [£(0.1,1.095909) + f( 0.2, 1.095909 + 0.1 f(0.1,1.095909) )]

1.095909 + (0.05) |{ 1.095909 2(0.1) + o1 1+ 01]1.095909 2(0.1)
' ' ' T095909) ¥ F{ Ot 1 1.095909

1.095909 + (0.05) [(0.91341) + (0.1, 1+ 0.1[0.91341])]

= 1.095909 + (0.05) [0.91341 + f( 0.1, 1.091341)]

= 1.095909 + (0.05) [0.91341 + (0.90808)]

= 1.095909 + (0.05) [1.821491]

= 1.095909 + 0.091074 GQ

,(0.2) = 1.18698

y,(0.2) = 1.18698 [y( = x,=0.1 & y, =1.18698

MILNE’S PREDICTOR CORRCETOR METHOD

. 4h ’ ’ ’
Predictor : Yus1,p(Xn+ ) = Y5+ — [2¥,2 —Yn-11+ 2]
h ! 14 14
Corrector : YonricXnth) =y, + 3 [ Y1 +4Vn+ Yuial
Example . 1:

Given y' =x3+y , y(0) = 2.Also given y(0.2) =2.073, y(0.4) = 2.452 and y(0.6) = 3.023.

Find y(0.8) By Using Milne’s Method

Solution: Given V' = f(x,y) = Z—i =x34+y & y(0)=2 = x,=0, y,=2 [Since y(xy) = v,]

XO=0 y0=2

y(0)=2 y(x0) = Yo
x; = 0.2 y, = 2.073

v(0.2) = 2.073 y(x) =y




v(0.4) = 2.452 y(x,) =y, x, =04 y, = 2.452
v(0.6) = 3.023 y(x3) =y, x;3=0.6 y; = 3.023
Here h=0.2 and mn =3 [Highestvalueofxisx;. ..n=3]
The Milne’s Predictor formula is
4h I ! I
yn+1,P(xn + h) = Yn-3 + ? [2 J’n-z - yn—l + 2 yn] ------ (1)

Put n=3 in equation (1), we have

4h
Vap(xz+h)=yo+—1[2y —y; +2y]

...... 2
. ©)
Given y' = x3+y

x, =0.2 y, = 2.073 y = x4+, yi = (0.2)3 4+ (2.073) y; =2.081

A 1
")

x, =04 y, = 2.452 yy = x3+y, | ¥5=(04)34+(2 y; =2.516

x3=0.6 ys = 3.023 yy=x3+y, | yi =LA .023) yy = 3.239
Equation (2) becomes = J

4(0.2
V4p(06+0.2) =2+ (3 ) [2(2.081) — (2.516) + 239)]
0.8 8
vap(0.8) =2+ ?[8.124] =2 66
y4p(0.8) =4.1664 [ =Y X,=0.8 & y,=4.1664]
The Milne’s Corrector formula is
h I ! i
yn+1,C(xn + h) =Yn-1 +§[ yn—l + 4yn + yn+1] ------ (3)
Put n=3 in equation (3), we have
h I I I
Vaclxs+h) =y, + §[ y2 +4y3+ oyl e (3)
x, =08 vy = 4.1664 yi=x3+y, | yi=1(08)°%+(4.1664) | y;=46784

Equation (4) becomes

(0.2)
3

0.2
V4c(0.8) = 2.452 +(—3) [20.1504]

Vac(0.6+0.2) = 2452 + [2.516 + 4(3.239) + 4.6784]
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V4 X3 =08 & y,=3.79536]

¥4c(0.8) =3.79536 [y(x,)=

Result:

Example . 2:

Determine the value of y(0.4) Using Milne’s Method, given y’' = xy + y?, y(0) =1.

Use Taylor series to get the values of y(0.1), y(0.2) & y(0.3).

Solution :
Given y' =xy+y?

Taylor series formula is

& y(0)=1 = x,=0,

Since

Yo=1

[y(xo) = ¥o

]

(x—x9) , (x—x )? " (x —x)3
y(x) =y, + 1!0 Yo 2!0 Yo + 3!0 YV
y'=xy+y? Yo = Xo Yo+ ¥ Yo =1
Sz g+ 2y yo—xOyo+yo*’2yoyé =3
= 0(+1 +2(1)(1) =3 0
Y =xy"+y Y+ 2y + 2y 2yoy + 2(y)? =10
Y= xy"+ 2y + 2yy" 4 2(0)? 1) 2@ +202 |
Therefore equation (1) becomes, Q \J'
(x — xp) , (x = xp) (x— x0)3 "
x—0 x—0)2 x—0)3
G ) O o0
(=14 28
y(x) = x+— 3
To find y(0.1) [y at x=0.1]
3(0.1)2  5(0.1)3
y(01)=1+01+ > 3 =1+ 0.1+ 0.015+ 0.0016667

y(0.1) =1.1167

Tofind y(0.2) [y at x=10.2]
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3(0.2)2
y(02)=1+02+ (0-2)

2
y(0.2) =1.2733

To find y(0.3) [y at x=0.3]

3 (0.3)2
y(03)=1+03+ (0.3)

2
y(0.3) =1.4800

To find y(0.4) : Given

' d
Y =fxy) =2 =xy+y?

X

and y(0)=1 = x,=0, y,=1

5(0.2)3

3 =1+0.2+0.06+0.013333
5(0.3)3

3 =1+ 0.3+ 0.135+ 0.045

[Since  y(xo) = yol

y(0)=2 y(xo) = o xo=0 A¥v=1
y(0.1) = 2.073 y(x) =y, =01 J\,@S}": 1.1167
v(0.2) = 2.452 y(e) =y, x, = 0. vy, =1.2733
(0.3) = 3.023 y(xs) = ¥5 x =03 ) 5 = 1.4800
Here h=0.1 and mn =3 [Highestvalueofxisx;, ~.n=3]

The Milne’s Predictor formula is

4h \
YnsrpCtnth) = yn_g+—[2 yns_i\xj._l 2y8] e €))

Put n=3 in equation (1), we have

ah_
Vap(xs+h) =yo+—[2y —

3

Given y' = xy+y?

=01 | y,=11167 | v = xyy +y2 | y/ =(01)(1.1167) + (1.1167)? | y! =1.35869

;=02 | y,=12733 | yi= xyy,+y% | yh=(02)(1.2733) +(1.2733)2 | y) = 1.8759
— — — 2 |- 2 [ —

X3 =03 | y;=1.4800 | vi= xzy;+y2 | y5=(0.3)(1.4800) + (1.4800) yh = 2.6344

Equation (2) becomes

4(0.1)

Yap(03+01) =1+—

[2 (1.35869) — (1.8759) + 2 (2.6344)]

0.4
Yap(04) =1+--[6.11028] = 1+0.814704
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y4p(0.4) =1.8147

The Milne’s Corrector formula is

h
YnsrcCn +h) =y, 1 + 5[ Vno1 t 4+ Vil

Put n=3 in equation (3), we have

h
Vac(xz+h) =y, +=[ y; +4y: + gl .o (3)

3

[Y(x4) =y4 x,=04 & y,=1.8147]

x, =04 | y,=1.8147

Vi = XYy + i

v = (04)(1.8147) + (1.8147)? | yi = 4.01902

Equation (4) becomes

(0.1)

Yac(03+0.1) = 12733+ "= [1.8759 + 4(2.6344) + 4.01902]

(0.1)

Y4c(04) = 12733 +-—[1643252] = 1.2733+ 0.54775

¥4c(0.4) =1.82105

Result:

[y(x4) =y4 x,=0.4

y4p(0.4) =1.8147 & y,.(0.4) =1.82105

Example . 2:

Using Milne’s Method Find y(4.4) Given 5

2105 |

qu%_ 2=0 given y(4) =1, Y(4.1)=1.0049,

y(4.2) = 1.0097 & y(4.3)=1. .
Solution: Given 5xy' +y?—2=0"= 5xy'=2—-y? = y'= 2;3;2
, dy _2-y?
y=1 y(xo) = o xo =4 Yo=1
y(4.1) = 2.073 y(x) =y x, =41 y, = 1.0049
y(4.2) = 2.452 y() =y, x, =42 y2 = 1.0097
y(4.3) = 3.023 y(x3) =y; x; =43 y3 = 1.0143
Here h=0.1 and mn =3 [Highestvalueof x is x;. .1 =3]
The Milne’s Predictor formula is
4h I I I
yn+1,P(xn +h)= Yn-3+ = [2 Yn—2 = Yn-1 Tt 2 yn] ------ (D

3

Put n=3 in equation (1), we have
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4h ! I !
)’4,P(X3 +h) =y, +—1[2 n—y,+2 J’3]

3
2—y?
. r
Given y = T
, 2- (1.0049)2 ,
x; =41 y; = 1.0049 = y = W y; = 0.0493
, 22— (1.0097)? ,
x,=4.2 y, = 1.0097 y; = W v, = 0.0467
2 —(1.0143)? ,
=423 =1.0143 = — = 0.0452
X3 V3 V3 5(4.3) V3
Equation (2) becomes
4h I I I
Vap(xz+h) =y, + ?[2 i — v+ 23]
4(01
Vap(43+01)=1+ (3 ) [2 (0.0493) — (0.0467) + 2 (0.045
0.4
Vap(44) =1+ ?[0.1423] =1+ 0.0189733
yap(4.4) =1.01897 [y(xy) =y, & y,=1.01897]
The Milne’s Corrector formula is
yn+1,C(xn + h) = Vn-1 ’1— ot 4yr’1 + y1’1+1] """ (3)
Put n=3 in equation (3), we have
h I I I
Vac(xz+h) =y, + 5[ y2 +4y; + 4l (3)
2—(1.01897 )? ,
X, =44 vy, = 1.01897 Vi = 5(44) vy = 0.0437

Equation (4) becomes

0.1
Yac(43+0.1) = 1.0097 + =—--[0.0467 + 4(0.0452) + 0.0437]

0.1
Yac(44) =1.0097 +—-=[0.2712] = 1.0097 + 0.00904

Vac(4.4) =1.01874

Result:
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y4p(44) =1.01897 & y,.(4.4) =1.01874
Example .3:
Solve y' =x—y?, 0<x <1, y(0)=0, y(0.2) =0.02, y(0.4) =0.0795, y(0.6) = 0.1762 by
Milne’s Method to find y(0.8) & y(1).

Solution: Given y' = x —y?

y(0)=1 y(xo) = yo xg =0 Yo =0
y(0.2) = 0.02 y(x) =y x; =02 y; = 0.02
y(0.4) = 0.0795 y() =y, x, =04 y2 = 0.0795
y(0.6) = 0.1762 y(x3) =y; x;=0.6 y; = 0.1762

Here h=0.2 and n =3 [Highestvalueof x is x;. .n=3]

The Milne’s Predictor formula is

4h
yn+1,P(xn + h) =Yp_3t ? [2 y1'1—2 - y1’1—1 +2 y{z] -----
To Find y(0.8) :

Put n=3 in equation (1), we have

4h .
vap(xs+h) =y, +?[2 v~y t 23’3@

Given y'= x—y?

X = 0.2 y=002 (H W —y2 |y =(02)- (0022 | i =01996
x, =04 y, = 0.0795 'yJ2 = x,—y? | y3=(04)—(0.0795)? | y}=0.3937
x3=0.6 ys = 0.1762 vy = x3—v: | v§=(06)—(0.1762)? | y}=0.5690

Equation (2) becomes

4h
Vap(xs+h) =y + ?[2 V1 — Y2+ 2ys]

4(0.2)
3

Vap(0.6+02) =0+ [2 (0.1996) — (0.3937) + 2 (0.5690)]

0.8
V4p(0.8) = ?[1.1435]

The Milne’s Corrector formula is
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h
yn+1,C(xn + h) =VYn-1 +§[ y{l—l + 4‘}’1’1 + y1’1+1]

Put n=3 in equation (3), we have

h
Yac(s+h) = ya+ ol vz +4ys+ yil e (3)
x, =08 vy = 0.3049 Vi =X, — Y2 ys = 0.8—(0.3049)> ys = 0.707
Equation (4) becomes
(0.2)
V4c(0.6+0.2) = 0.0795 + 3 [0.3937 + 4(0.5690) + 0.707]
0.2
V4c(0.8) =0.07957 + % [3.376]
¥4c(0.8) =0.3046 [y(x;)=7y,; x,=08 & y,=0.3046]
To Find y(1.0) :
Put n=3 in equation (1), we have
4h I I I
Yap(Xs+h) =yo+—[2y1 =y +2y3] oo (2)
Given y' = x —y? .
A
— — ! _q N [ J— 2 | J—
x, =02 y, = 0.02 = y; =(0.2) —(0.02) y; = 0.1996
x, =04 y, = 0.0795 = x,—y? yy = (04) —(0.0795)% | y; =0.3937
x3=0.6 y; = 0.1762 x3—y2 | y§=1(06)—(0.1762)> | yi =0.5690
»/

Equation (2) becomes

4h
)’4,P(x3 +h) =y, + ?[2 J’1’ - yé +2 Yé]

y4‘,P(0'6 + 02) =0

J’4,p(0-8)

¥4p(0.8) =0.3049

The Milne’s Corrector formula is

h
Ynrc(tn +h) =y + §[ Vo1 T4+ Ynyal

Put n=3 in equation (3), we have

0.8
= —[1.1435]

[y(x4) =y4 x,=0.8 & y,=0.3049]

n _4(2'2) [2 (0.1996) — (0.3937) + 2 (0.5690)]
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h
Y4,C(X3 +h)=y,+ §[ y2 +4y3+ oyl o (3)

x, =08 vy, = 0.3049 Vi =X, — y? yi = 0.8—(0.3049)2 ya = 0.707

Equation (4) becomes

0.2
Y4c(0.640.2) = 0.0795 + % [0.3937 + 4(0.5690) + 0.707]

02
v4c(0.8) =0.07957 + % [3.376]

y4lc(0.8) =0.3046 [y(x4)=Yy4 x,=08 & y,=0.3046]
Result:

¥4p(0.8) =0.3049 & ¥,,(0.8) =0.3046

Predictor
Corrector ©  YuycCtut ) = Yu +GH19 Yar +19¥0— 5¥y + Yioo]
Example.1:
Given Z—z =x%(1+y), y . Also given y(1.1) =1.233, y(1.2) = 1.548 and y(1.3) =1.979.
Find y(1.4) By Using Adam’s Method.
Solution: Given
Y =floy) =2 =x*A+y)
y=1 y(x0) = ¥o xo=1 yo=1
y(1.1) = 1.233 y(x) =y x, =11 y; = 1.233
y(1.2) = 1.548 y(x,) =y, x, =12 y, = 1.548
v(1.3) =1.979 y(x3) =y; x;=13 y3 =1.979

Here h=0.1 and n =3 [Highestvalueofx is x3. . n=3]

The Adam’s Predictor formula is
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h
yn+1,P(xn + h) =Yn + 2_4 [553}1(1 - 59y1’1—1 + 37 y1’1—2 -9 y1(1—3] -----

Put n=3 in equation (1), we have

h
Vap(rath) = ys b (5505 =590 +37 3 =9y ... @)
Given y' = x*(1+y)
xg =1 Yo =1 Yo = x3(1+y,) vo =(1)*(1+1) y=2
X =11 | y, =1.233 v = x2(1+y) | ¥l =(11D%1+1233) | y! = 270193
x, =1.2 y, = 1.548 yy = x2(1+y,) yy =(12)%(1+ 1.548) | y; = 3.66912
;=13 | y3=1979 Vo= x2(1+ys) | vh=(13)2(1+1979) | y)=2.0345

Equation (2) becomes

0.1
Yap(13 +0.1) = 1979 + = [55(2.0345) — 59(3.66912) + 37 (270193) — 9 (2)]

0.1
Yap(14) = 1979 +--[14233683] = 1.979 +0.

yap(1.4) =2.5721

[¥(x4) = ¥4 x4,=1.4

The Adams’s Corrector formula is

h
Yn+1,C(xn + h) =y, + 2_4[9 y1,1-|®n - y1,1—1 + ywla—z] ------ (3)

y,=2.5721]

Put n=3 in equation (3), we have .
h li li I
Vac(xz+h)=y; + 2—4[9 s +19y; =5y, + y/] ... (4)
xy=14 | y,=25721 | yp= x{(1+y,) | yi=14*(1+12751) | y;=7.7030716

Equation (4) becomes

0.1
Yac(13+0.1) = 1.979 + [ 9 (7.7030716) + 19 (5.0345) — 5 (3.60912) + (270193)]

0.1
Y4,c(08) = 1.979 + -7 [143.58827] = 1.979 + 0.592844

¥4¢(0.8) =2.57728

Result:

Y(x4) =y4 x,=1.4 & y,=2.57728]

yap(1.4) =2.5721 & y,(1.4) =2.5778

Example . 2:
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Using Adam’s Method Find y(4.4) Given 5xy’ + y? — 2 =0 given y(4) =1, Y(4.1) = 1.0049,

y(4.2) = 1.0097 & y(4.3)=1.0143

Solution: Given 5xy'+y?—-2=0 = 5xy'=2—-y? = y'= 2;3;2
, dy 2-y?
y4)=1 y(xo) = o X =4 Yo=1
v(4.1) = 2.073 v(x) =y x; =41 y; = 1.0049
v(4.2) = 2.452 v(x,) =y, x, = 4.2 y, = 1.0097
y(4.3) = 3.023 y(x3) =y; x3=43 y3 = 1.0143

Here h=0.1 and mn =3 [Highestvalueof x is x;. ~n=3]

The Adam’s Predictor formula is

h
yn+1,P(xn + h) =Yn +2_4 [55}’1'1 - 59yr’1—1 + 37 y1’1—2 n—QUN e e (1)

Put n=3 in equation (1), we have

Yap(xs +h) =y; + 2%[553% =59 +37y =9yl QY e (2)
Given y' = : ;xyz Q
Xo =4 Yo=1 CD :ZS_T):% Y6:25_(—E}1))2 y; = 0.05
X, =41 y, = 1.0049 '51' _ 2 ;Xi’ i = %?10)49)2 y! = 0.0483
X, =42 ¥, = 1.0097 y= 2 ;XZ 2 = %?20?7)2 ¥, = 0.0467
x; = 43 ys = 1.0143 y= 2 5_;;5 = %‘?31)43)2 ¥, = 0.0452

Equation (2) becomes
h I ! ! I
Yap(xs +h) =ys +[55y3 = 59y; + 37 y1 =9 yil
0.1
V4p(43+0.1) =1.0143 +ﬂ [55(0.0452) — 59 (0.0467) + 37 (0.0483) — 9 (0.05)]

0.1
Vap(44) = 1'0143+ﬁ [1.0678] = 1.0186
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Yap(44) =1.0186 [y(x4) =ys x4=4.4 & y,=1.0186]

The Adam’s Corrector formula is

h
yn+1,C(xn + h) =Yn + 2_4 [ 9 y‘rll+1 + 193’1’1 - 5y1'1—1 + y‘rll—Z] ------ (3)

Put n=3 in equation (3), we have

h
Vac(xz+h)=ys + 2—4[9 Y, + 19y, =595 + ! ... (3)
44 1.0186 _ 22Yi ,_ 2 (10186)° ' = 0.0437
X4 = 4. = 1. = - = 0.
4 Y4 Y4 5x, Ya 5(4.4) V4

Equation (4) becomes

0.1
Yac(43+0.1) = 10143+ - 9 (0.0437) + 19 (0.0452) — 5 (0.0467) + (0.0483)]

0.1
Vac(44) =1979 + -7 [1.0669]

Yic(4.4) =1.0187 [y(x4)=y4 x,=4.4 187 |
Result:
Yip(4.4) =1.0186 & y,.(4.4) =1.0187
Example . 3: Gﬁ
Given <2 =>(1+x) y, y(0) =1.Alsqgiven y(0.1) = 1.0546, y(0.2) = 11227 and y(0.3) = 1.2074.
Find y(0.4) By Using Adam’s Met
Solution: Given

I __ _dy_l 2
y —f(x,y)—dx—2(1+X)y

y(0)=1 y(xo) = yo xo =0 Yo=1
y(0.1) = 1.0456 y(x) =y x; =01 y; = 1.0456
y(0.2) = 11277 y(x) =y, x, =02 y, = 1.1277
y(0.3) = 1.2074 y(x3) =y;3 x;=03 y; = 1.2074

Here h=0.1 and n =3 [Highestvalueofx is x3. -.n=3]

The Adam’s Predictor formula is
h I I I I
yn+1,P(xn + h) =Vn +2_4 [55yn - 59yn—1 + 37 Yn-2— 9 yn—3] """ (1)
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Put n=3 in equation (1), we have

h
yap(Xs+h) =y3 +57[55y; =59y, #3731 =9l e (2)
1
Given y' = §(1+x) y?
] 1 2 ! 1 2 !

xo=0 yo=1 yo=§(1+xO)yo yo:§[1+0](1) Yo =0.5
1 1

x; =01 y; =1.0456 | y, = E(1 + x1) yf = E[l +0.1] (1.0456)2 y =0.61171
1 1

=02y, = 11227 | yy=s(1+x)yf | yp=5[14+02](11277)F | y;=07563
1 1

x3=03| y3 =12074 | yi=s(1+x;)yf | yi=5[1+03](12074)7 | y}=09475

Equation (2) becomes

0.1
Y4p(03 +0.1) = 1.2063 + - [55(0.9475) — 59(0.7563) + 37 (0.611713) ~ 9 (0.5)]

0.1
yap(04) = 1979+ --[255361] = 12063+ 0.1

Y4p(0.4) =1.3127 [y(xy) =y, x,=0.4 y,=1.3127]

The Adams’s Corrector formula is

Put n=3 in equation (3), we have .
h li li I
Yac(xz+h)=y; + 24 [9¥, + 19y —5y) + yi] ... (4)

[1+0.4] (13127)2 | y,/ = 1.2062

N =

1
Xy =04 | y,=13127 | y,/= 5(1 +x)yi | v =

Equation (4) becomes

0.1
Ya,c(03+0.1) = 1.2063 + ——[ 9 (1.2062) + 19 (0.9475) - 5 (0.7563) + (0.61171)]

0.1
Ya,c(04) = 12063+ - [25.6885]

)’4,c(0-4) =1.3133 [y(x4)=y4 x,=04 & y,=1.3133]
Result:

y4p(0.4) =1.3127 & ¥,,(0.4) =1.3133
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