Unit-1ll
Set Theory and Boolean Algebra

Part A

2 Marks Questions
For any sets A,Band C provethat AX (BNC)= (A X B)n (A x C)
Solution:
Let (x,y) €EAX (B n ()
x € Aandy € (B n ()
(x € Aandy € B)and (x € Aandy € ¢)
(x,y) € A XBand (x,y) € AX C
(x,y)E (A X B)n(4A x ()
Hence AX (BNC)= (A X B)Nn(A x C)
The following is the hasse diagram of a partially ordered set. Verify whether it
is a lattice.

Solution:
d and e are the upper bounds of c and b. As d and e cannot be compared,
therefore the LUB {c, b} does not exists. The Hasse diagram is not a lattice.
. Give an example of a relation which is symmetric, transitive but not reflexive
on{a,b,c}
Solution:
R ={(a,a),(a,b), (b,a),(b,b)}
Define partially ordered set.
A Set with a partially ordering relation is called a poset or partially ordered set.
. Find the Partition of A = {0, 1,2, 3,4, 5} with minsets generated by
B, = {0,2,4}and B, = {1,5}.
Solution:
B,NB,=@,BiUB, ={0,1,2,4,5} # A, (B; UB,) = {3}
BiUB,U (B;NB,) ={0,1,2,3,4,5} = A
Partition of A = {{0,2,4},{1,5},{3}}
If a poset has a least element, then prove it is unique.
Proof:
Let (L, <) be a poset with a;, a, be two least elements.
If a; is the least element, a; < a,
If a, is the least element a;, < a4
By antisymmetric property a; = a,
So that least element is unique.
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If R={(1,1),(1,2),(2,3)}and S = {(2,1),(2,2),(3,2)} are the relations on
the set A = {1, 2,3} . Verify whether RoS = SoR by finding the relation
matrices of RoS and SoR.

Solution:

1 1 0 0 0 O
M= (0 0 1) ,M =(1 1 0

0 0 O 0 1 0

1 1 0 0 0 O
MROS = 0 1 0 CmdMSOR = 1 1 1

0 0 O 0 0 1
MROS * MSOR = RoS # SoR

In the following lattice find (b;@®bs) * b,

Solution:

b;®b; = 1. Hence (by®b3) * b, = 1% b, = b,

If A, = {{1,2},{3}}, A, = {{1},{2,3}}and A; = {{1,2, 3}} then show that
A4, A, and A3 are mutually disjoint.

Solution:

AN A, =0,ANA;=0,A,N A;=0

Hence A, A, and A3z are mutually disjoint.

Letx ={1,2,3,4}. If

R={<x,y>|x € XAy e XA(x— y)is annonzero multiple of 2}
S={<x,y>|x € XAye€ XA(x— y)is an nonzero multiple of 3 }
FindRUSand RN S.

Solution:

R={(1,3),31),(24),(42)},5 ={14), 41}

RUS ={(1,3),(3,1),(2,4),(4,2),(1,4), 4, D}L,RNnS =0
RNnS={<x,y>|x € XAy € XA(x — y)is an nonzero multiple of 6 }
If R and S are reflexive relations on a set A, then show that RUSand RN S
are also reflexive relations on A.

Solution:

Leta € A.Since R and S are reflexive.

We have (a,a) € Rand (a,a) € S= (a,a) € RNS

Hence RN S is reflexive.
(a,a) € Ror (a,a) € S= (a,a) € RUS

Hence R U S is reflexive.
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12. Define Equivalence relation. Give an example
Solution:
Arelation R in a set A is called an equivalence relation if it is reflexive, symmetric
and transitive.
Eg: i) Equality of numbers on a set of real numbers
ii) Relation of lines being parallel on a set of lines in a plane.
13. Let X = {2,3,6,12,24,36} and the relation be such that x <y iff
x divides y. Draw the Hasse Diagram of (X, <).

Solution:
24 36
12
6
5 3

The Hasse diagram is

14. Let A be a given finite set and P(A) its power set. Let S be the inclusion
relation on the elements of P(A). Draw Hasse diagram of (P(A), <) for
A={ab,c}
Solution:

15. VerlfyB U (niel Al) = Njgr (B V) Ai)' IfAl = {1, 5},A2 = {1,2,4, 6},
A; =1{3,4,7},B=1{2,4}and I = {1,2,3}
Solution:
Nt A4i =A1NA; NA3 =0
BU (N A) = {24} ... (1)
BUA; ={1,2,4,5},BUA, ={1,2,4,6},BU A; ={2,3,4,7}
Niet (BUA) =(BUA)NBUA)N(BUA3) ={24}...(2)
from (1) and (2) we get
BU(Nig; A = Ny (BU A
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16. IfA=1{1,2,3},B = {a,b}find A X Band B X A and prove that
n(Ax B) =n(B x A)
Solution:
B XA

17.Show that (AN B) = AU B’
Proof:

AxB = {(1,a),(2,a),(3,a),(1,b),(2,b),(3,b)},n(AX B) =6
~n(Ax B) =n(B xA)
letx € (ANB) © x¢& (ANB)

{(a,1),(a,2),(a,3),(b,1),(h,2),(h,3)},n(BxA) =6

Sx ¢Aorxé B

© x€A orx€EPB
Hence (ANB) = AU B’

Solution:

& x€ AUPB
18. Draw venn diagram and prove A— B = AN B’
Solution:
A—B B’ A ANB
_ U 23 _ U
) ) | B = o) o)
~A—B=ANnB
19. Find x and y given (2x ,x +y) = (6,2)
Solution:
equal.
2x =6 = x =3
x+y=2> 3+y=2=y=-1

Given two ordered pairs are equal if and only if corresponding components are

1 1 1
20. Write the representing each of the relations from <

1 0 1)
1 1 1
Let A = {1, 2,3} and R be the relation defined on A corresponding to the given
matrix. =~ R = {(1,1),(1,2),(1,3),(2,1),(2,3),(3,1),(3,2),(3,3)}
21. Which elements of the poset [{2,4,5,10,12,20,25},/ | are maximal and
which are minimal?
more than one minimal element.
Solution:

(or)
Give an example for a poset that have more than one maximal element and
A =1[{2,4,5,10,12,20,25}, / 1,/ is the division relation.

The maximal elements are 12, 20, 25 and the minimal elements are 2,5 .
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Define Lattice
A Lattice in a partially ordered set (L, <) in which every pair of elements a,b € L
has the greatest lower bound and a least upper bound.
Let (L,<) be a lattice. For any a,b,c € L we have a xa = a
Solution:
Since a < a, a is a lower bound of {a}. If b is any lower bound of {a}, then we
have b < a. Thus we have a < a or b < a equivalently, a is an lower bound for
{a}and any other lower bound of {a} is smaller than a. This shows that a is the
greatest lower bound of {a}, i.e., GLB{a} = a
~a*a=GLB{a}=a
Define sublattice
Let (L,*, @) be a lattice and let S € L be a subset of L. Then (S,*, @) is a
sublattice of (L,x, @) iff S is closed under both operations * and @.
Define Lattice Homomorphism
Let (L, @) and (S, A, V) be two lattices. A mapping g: L — S is called a lattice
homomorphism from the lattice (L,*x, ®)to (S, A, V) if forany a,b € L
glaxb) = g(a) Ag(b) and g(a®b) = g(a) Vg(b)
Define Modular
A lattice (L,*, @) is called modularifforall x,y,z € L

X< z=> x@WY*z) = (x@y) * z

Define Distributive lattice.
A Lattice (L,*, ®@)is called a distributive lattice if for any a,b,c € L
ax(b®c) = (axb)®(a * c)
a®(b*c) = (a®b) * (a®c)
Prove that every distributive lattice is modular.
Proof:
Let (L,*, @) be a distributive lattice.
Va,b,c € Lwehave,a®(bx*c) = (a®b) * (a®c) ...(1)
Thusif a < cthen a®c =rc...(2)
from (1) and (2) we get
a®(bxc) = (a®b) * ¢
Soif a * c,then a®(b xc) = (a®b) * c.
~ L is modular.
The lattice with the following Hasse diagram is not distributive and not
modular.

X2

X1
X3
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Solution:
In this case, (x;®x3) *x; = 1 xx; =x5...(1)
And (x1 *x3) @D(x3*x32) = 0@ x3 = x3...(2)
From (1) and (2) we get
(x1@x3) * x5 # (x1 * x2) D(x3 * x2)
Hence the lattice is not distributive.
X3 < Xy 2 x3@(x1 *x) =x3®0 =x3...(3)
(x3®x1) *x, = 1% x5 = x5 ... (4)
From (3) and (4) we get
x3@(x1 * x3) # (x3@x1) * X,
Hence the lattice is not modular.
30. Provethat Ac B ANB = A

Proof:
i)GivenA c B.
let xeANB
=>x€Aand x €B

= x € A (In particular)

~ANB c A..(1)
Letx €A > x€EAandx € B

>x €EANB

~A c ANnB..(2)
From (1) and (2) we get
AcB=A= ANnB
ii)Converse:

lLetA= ANnBtoproveACB
letxeAd>x €eANB

=> x€Aandx € B
= x € B (In particular)
~ACB
From (i) and (ii) we get
~AcBsSANB = A
PART-B
1. i) Prove that distinct equivalence classes are disjoint.
Solution:
Let R be an equivalence relation defined on set X.
Let [x]g, [v]g are two distinct equivalence classes on X
i.e., xRy
Let us assume that there is at least one element z € [x]z and also z € [yl
i.e., xRz and yRz = zRy(By symmetric)

~ xRz and zRy = xRy(BYy transitivity)



Unit-1ll
Set Theory and Boolean Algebra

Which is a contradiction.
[x]gkn[ylr =0
~.Distinct equivalence classes are disjoint.

ii) In a Lattice, showthata =bandc=d = a*xc=bx*d

Solution:
Foranya,b,c € L
fa=b=>c*xa<c#*b

>ax*c < bx*c..(1)(By Commutative law)

Forany b,c,d € L
lfc=d=>bxc<bxd..(2)

From (1) and (2) we get

axc=bxd
iii) In a distributive Lattice prove that
a*b=ax*xc anda®b = a®c =b =c.

Solution:
(axb)®dc=(a*xc)®c=c..(1)[a*xb =axc and absorbtion law]
(a*b)®c = (a®c) * (b®c) [Distributive law]
= (a®b) * (b@c) = (a®b) * (c®b) [a®b = a ®c and commutative law]
= (a*c)®b = (a*b)®b = b ...(2)[Distributive and absorbtion law]
From (1) and (2) we get,
b=c

i) Let P = {{1,2},{3,4}, {5}} be a partition of the set S = {1,2,3,4,5}. Construct
an equivalence relation R on S so that the equivalence classes with respect to R
are precisely the members of P.
Solution:
LetR ={(1,1),(1,2),(2,1),(2,2),(3,3),(3,4),(4,3),(4,4),(5,5)}
Since (1,1),(2,2),(3,3),(4,4),(5,5) €R
~ Risreflexive
For (1,2),(3,4) € R thereis (2,1),(4,3) €R
~ R is Symmetric
For (1,2) and (2,1) € R thereis (1,1) € R
For (2,1) and (1,2) € R thereis (2,2) € R
For (3,4) and (4,3) € R thereis (3,3) € R
For (4,3) and (3,4) € R thereis (4,4) € R
~ Ris transitive
~ R is an equivalence relation
[1]r = {1,2}, [3]z = {3,4}, [5]r = {5}
Equivalence classes with respect to R = {[1]g, [3]z, [5]z}
The equivalence classes with respect to R are precisely the members of P

ii) Establish De Morgan’s laws in a Boolean algebra
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Solution: Let a, b € (B,*®, ,0,1)
Toprove (a@® b) =a b’
(@a@®b)*(@ «b)=(ax(@ *b))® (b*(a xb")
=(a*(a *b))® ((a *b") *b)
=((axa) D) ® (a' = (b * b))
()@ (@ +0)=0®0
(a®b)*(a *b)=0..(1)

@a@®@b) @@ *b)=((a@®@b)@a)*((a@®b) D)
=((b@a)®a)*((a@b) @ D)
=b®@@a))*(a®B@D))

=b@D*(@®@1) =11
(@@®b)®(@ *b)=1..(2)
From (1) and (2) we get,
2(@a®b) =a =b'
Toprove (a*b) =a @b’

(a*b)® @ ®b)=(a® @ @Db))*(b®(a ®b))
=(a® (@ ®b))*((d ®D)DDb)
=((c@ad)@D)*(ad @B @ b))

=(1@®b) (@ @1 =11
(a*b) @ (@ ®b)=1..(3)
(axb)*(a @b)=((axb)*a) @ ((axb)*b")
=((b*a)*a")® ((a*b)*b")
=(b*(axa))® (ax(b=*b))
=(b*x0)®@*x0)=0®0
(a*b)*(a@ ®@b)=0..(4)
From (3) and (4) we get,
(a*xb) =ad @D

. i) A survey of 500 television watches produced the following information. 285

watch football games; 195 watch hockey games, 115 watch Basket ball games;
45 watch football and basket ball games; 70 watch football and hockey games;
50 watch hockey and basket ball games; 50 do not watch any of the three
games. How many people watch exactly one of the three games?

Solution:

U

=1 =
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Let U denote the television watchers
Let A denote the football game watchers
Let B denote the hockey game watchers
Let C denote the basketball game watchers
|U| = 500, |A| = 285,|B| = 195,|C| = 115,|]AnB| =70,|[ANn C| = 45,
IBNnC|=50,|[(AUBUC)| =50
The shaded portion in the above venn diagram gives the
number of people watch exactly one of the three games.
[(AuBUC)| =|Ul-|(AuBUC)'| =500—-50=450
The number of people watch all three games = |AN B N C|
We know that
JAUBUC| = |A|+|B|+|C|—|AnB|—-|ANnC|—=|BNnC|+|AnBnNC|
450 =285+ 195+ 115—-70—-45-50+ |ANnBNC|
|[AnBNC|=20.
The number of people
watch football only } =ldl-lanBl=lAnCl+]AnBnC]

=285 —70 — 45 + 20 = 190... (@)

The number of people} _
watch hockey only ) IB] 460 5IQYB "t Encl
=195—-70—-50+20=95...(b)
The number of people} py
watch basketball only) — ICI—1BnCl—]lAncl+]AnBnCl

=115—-50—-45+ 20 =40...(c)
The number of people watch exactly one
I YO = @)+ () + ©

of the three games
=190+ 95+ 40 = 325

ii) In a Boolean algebra L, Provethat (a A b)' = a' v b',Va,b €L
Solution:

(@aAnb)v(@vb)=(av(@vb)a(bv(a vb))
=(av(a vb))a((@ vb)vbh)
=((ava)vb)na(a v(b' vh))

=(Avb)I)A(@v1)=1x1
(a*b)v(a vb)=1..(1)

(@aAb)A(a vb)=((anb)na’)v((anb)Ab’)
=((bra)aa)v((@arb)Ab’)
=(bA(ana))v(an(bab))

=((bA0)V(@An0)=0vO0
(aAb)A(@ @b)=0..(2)
From (1) and (2) we get,
(axh) =d @b’
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4. i) Let the relation R be defined on the set of all real numbers by “if x, y are real
numbers, xRy & x — yis a rational number”. Show that R is an equivalence

relation.
Solution: R — Set of all real numbers
)Vx € R, (x — x) is also a rational number = (x,x) € R

~ The relation R is reflexive.
ii)Vx,y € Rand V(x,y) € R = (x — y)is arational number

= (y —x) is also a rational number
=(y,x) ER

-~ The relation R is symmetric.

iivx,y,z€ R, ~ V(x,y),(y,2) ER

= (x —y) is a rational number and (y — z)is a rational number

= (x —y) + (y — 2) is also a rational number

= (x — z) a rational number

=(x,z) ER

~ The relation R is transitive.

from (i), (ii) and (iii) we get

The relation R is equivalence relation.

ii) Draw the Hasse diagram of the lattice L of all subsets of a, b, c under
intersection and union.
Solution:

{a,b, c}

5. i) Define the relation P on {1,2,3,4}by P = {(a,b)/ |a — b| = 1}.
Determine the adjacency matrix of P
Solution:

P ={(1,2),(2,1),(2,3),(3,2),(3,4),(43)}

10
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0
0
1
0
1 0
1

MP2=MP0P=<(1) 0)
0 1

ii) Let (L, <) be a lattice. Foranya,b,c € Lifb< c > axb< ax*c
and a®b < a®c

=

I
~—
OO =R O
oOrRr O R
—_ o = O

_0 = O
O R o=

Solution:
(axb)*(a*xc)=ax(bra)xc=ax(a*xb)*c
=(a*xa)x(bxc)=ax*b
s(axb)x(axc)=ax*b
ax*b< axc
(@a@b)x(@a@c)=a@b*c)=adc
L a®b < a®c
iii)Iin a distributice lattice, show that
(axb) @b x*c) ®(cxa) = (a®b) * (b®c) * (cDa)
Solution:
(a*b)®@b*c)®(c*a) = (a*b)®(c*b)®(c *a)
((a@c) * b)(—B(c * @)

= (((a@c) * b)(—Bc) * (((a@c) * b)@a)
(((a®c)®c) * (b@C)) * (((a@C)@a) * (b@a))
(((a@c)@c) * (b(—Bc)) * ((a@(a@c)) * (b@a))

((e®(c@0)) * (b@0)) * (((a@D)@c) * (b@a))
= (a®c) * (b®c) * (a®c) * (b®@a)
= (c@a) * (b®c) * (c®a) * (a®b)
= (b®c) * (c@a) * (c®a) * (a®b)
= (b@c) * (c®a) * (a®b)
= (b®c) * (a®Db) * (c®a)
= (a®b) * (b®c) * (c®a)
. i) If R; and R, are equivalence relations in a set A, then prove that R; N R, is an
equivalence relation in A.
Solution:
1)Vx €A, (x,x) ERyand (x,x) ER, = (x,x) ER{N R,

~Vx €A (x,x) ERyN R,y

=~ Ri N R, is reflexive.
2)Vx,y € A,and V(x,y) €ER; N R, = (x,y) € Ryand (x,y) € R,

= (y,x) € Rjand (y,x) € R,

11
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=>(x,y)€ER NR,
~ Ri N R, is symmetric.
3)Vx,y,z € A,and V(x,y),(y,z) ER; N R,
= (x,¥),(¥,2) € Riand (x,y),(y,2) ER;
= (x,z) € Rjand (x,z) ER,
>(x,z) ER N Ry

~ Ry N R, is transitive.
From (1),(2) and (3) we get
Ry N R, is an equivalence relation.
ii) Simplify the Boolean expression ((x; + x3) + (x1 + x3)) . X1. X3
Solution:
(e + x2) + Ceg + 2x3))-%1.%5 = (1 + x3).%1.%5 + (g + x3).%1.%;
= X1.X1.X3 + X0.X1. X5 +X1.X1. X3 + X3.%X1.X7
= X1.X1.X3 + X1.X2. X5 + X3.X1. X
=X1.X3 +x1.0 + x3.%1. X3
= X1.X3 + X3.X1. X7
=X1.X3

iii) State and prove the distributive inequalities of a lattice.
Solution:

Let (L, <) be a lattice. Forany a,b,c € L

)a* (b®c) = (a*b)®(a*c)

1) a®(b * c) < (a®b) * (a®c)

To prove a * (b®c) = (a = b)®(a * ¢)
Froma=>axbanda=a*c>a=> (a*b)®(ax*c)..(1)

b®c=>b = (axh)..(2)
b®c=>c=(axc)..(3)

From (2) and (3) we get,

b®c = (a*b)®(ax*c)..(4)
From (1) and (4) we get,
ax*x(b®c)=(axb)®(axc)

To prove a® (b * ¢) < (a®b) * (a®c)

From a®b > a and a®c = a = (a®b) * (a®c) = a...(5)
bxc<b<(a®b)..(6)
bxc<c<(a®c)..(7)

From (6) and (7) we get,

bx*c < (a®b) * (a®c) ...(8)
From (5) and (8) we get,

ax*(b®c) = (a*b)®(ax*c)

a®(b *c) < (a®b) * (a®c)

12
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7. i) If Ris an equivalence relation on a set 4, Prove that [x]z = [y]y if and only if
x R y where [x] and [y] denote equivalence classes containing x and y
respectively.

Proof:
Let R be an equivalence relation defined on set X.
Letx,y,z€ X
Let us assume that [x]; = [y]z
Let z € [x] then xRz
~ 7 € [ylg then yRz (Since [x]z = [y]g)
= zRy (By symmetry of R)
xRz and zRy = xRy(By transitive of R)

~ [xlg = [ylg = xRy .. (1)
Let us assume that xRy, so that y € [x]p
Because of symmetry of R, yRx, so that x € [y]z. Now if there is an element
z € [y]g, then yRz.
xRy and yRz = xRz (By transitive of R).Thus z € [x]g
~ylg € [x]g - (2)
By symmetry we also have [x]z € [y]g ... (3)
from (2)and (3)we get [x]g = [ylr
~ xRy = [x]g = [ylg - (4)
from (1)and (4)we get
[x]g = [ylgifandonlyif xRy
ii) In a lattice showthata < b © a*xb=a © a®b=>»b

Solution:
Toprovea< b © a*xb = a

Let us assume thata < b, weknowthata < a.~a<axb..(1)
From the definition we know that a * b < a ... (2)
From (1) and (2) wegeta*xb = a
sas<b=>axb=a..()
Now assume that a * b = a but it is possible iff a < b
rta*b=a=>a< b..(IlI)
From (1) and (I1) we get
a< b axb=a

Toprovea*b = a © a®b= b

Let us assumethata*bh = a
b®(a xb) = b®a = a®b ...(3)
b®(axb) =b..(4)
From (3) and (4) we geta®b = b
~axb=a = a®b= b..(II)

Let us assume thata®b = b

13
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ax*(a®b) =ax*b..(5)
ax*(a®b) =a..(6)
From (5)and (6) wegeta*xb = a
La®b=b=>a*xb= a..(V)

From (lll)and (IV) wegeta*bh = a © a®b= b

iii) Prove that every chain is a distributive lattice.
Solution:
Let (L, <) be achainand a, b, c € L. Consider the following cases:
MMa<bora<c,and(la=banda >c
For (I)
ax(b®c)=a..(1)
(axb)®(a*xc)=a®@a=a..(2)
For (II)
ax* (b®c) = b®c ...(3)

(a*b)®(axc) =b®c..(4)
~From (1),(2) and (3),(4)

ax(b®c) = (axb)®(a*c)
~Every chain is a distributive lattice
i) Show that every distributive lattice is a modular. Whether the converse is true?
Justify your answer
Solution:
Let a,b,c € L and assume thata < ¢, then

a®(b x c¢) = (a®b) * (a®c)

= (a®b) * c
~Every distributive lattice is modular.
For example let us consider the following lattice

Here in this lattice
Va,b,c€L,a<b= a®(bx*c) = (a®b) xc

~The above lattice is modular.

14
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a*x(b®c)=ax1=a..(1)
(axb)®(a*xc)=000=0..(2)
From (1) and (2) we get a * (b@c¢) # (a * b)@(a * ¢)
~The above lattice is not distributive.
-~ Every distributive lattice is a modular but its converse is not true.

ii) Find the sub lattices of (Dys5,/ ). Find its complement element.
Solution:
D,s ={1,3,5,9,15,45} under division rule
1®45=45and 1+45=1
~ Complement of 1is 45
509 =45and5+9 =1
s Complementof 5is 9
3®@15=15and 3*15 =3
~ 3 and 15 has no Complement
% (Dys,/ ) is not a complement lattice

45

9 15

The sub lattices of (D,s,/ ) are given below
S, =1{1,3,5,9,15,45}, S, = {1,3,9,45},5; = {1,5,15,45},
S, =1{1,3,5,15},Ss ={3,9,15,45}, S, = {1,3,9, 15,45},

57 = {11 3; 5; 15145}1 58 = {11 3}) 59 = {11 5}) SIO = {11 31 9}1 S]_]_ = {1F 51 15}

SlZ = {3, 9,45}, 513 = {5, 15,45}, 514, = {3, 9}, 515 == {5, 15}'516 == { 15,45}

517 = {9,45},518 = {3,15}

iii) In any Boolean algebra, showthata = b < ab' + a'b = 0

Proof:
Casei)Toprove a= b= ab'+ a'b = 0

ab' =bb =0..(1)[a = b and Complement law]

ab=bb=0..2)[a= band Complement law]

ab + ab=04+0=0 [from(1)and (2)]
Caseii) Toproveab' + ab = 0= a= b..(3)
ab +ab =0

15
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a+ab +ab=a+0 [b=c=>a+b=a+c]

a+ a'b = a [Absorbtionlawand a + 0 = a]

(a+ a)(a+b) = a[Distributive law]
1(a+b)=a=>a+b=a..(4)[Complement law]

Similarly from (3),we getab + ab+b= 0+b

[b=c>b+a=c+a]

ab' + b = b [Absorbtionlaw and 0 + b = b]

(a+ b)(b' + b) = b[Distributive law]
(a+b)1=b=>a+b=>b..(5[Complement law]

From (4) and (5) we get
a=b

. i) Let (L, < ) be alattice. Forany a, b,c € L the following holds,
a<ceo©a®d(b*c) < (a®b)*c
Solution: Toprovea < ¢ =2 a® (b*xc) < (a®b)*c
Let us assume that a < c,
a®(bxc) < (a®b) = (a®c) [Distributive inequality]
< (a@®b) * ¢ [Distributive inequality]

Toprovea® (b*c) < (a®b)*c > a < c
Let usassumethata ® (b*c) < (a®b) *c

(a®b) x (a®c) < (a®Db) *c[Distributive law]

= (a®c) Sc...(l)[a*b <axc=b Sc]
a®(bx*xc) < (a®b)*c
a®@b=c) < (a*xc)®(b*c)[Distributive law]
> a < (axc) < (a®c) < c [Definitionof * and @ and(1)]

>a < ¢

ii) Prove that the direct product of any two distributive lattices is a distributive
lattice.
Solution:
Let (L,*,®) and (S,A,V) be two lattices and let (L X S,.,+)
be the direct product of two lattices.
Forany (aq, by), (ay, by) and (az, b3) EL X S
(a1, b1). ((az, by) + (az, b3)) = (a1, by). (a,®az, b, V b3)
= (a; * (a;®az), by A (by V b3))
= ((al * a,)®(ay * az), (by Aby) V(b A b3))
= (a1, b1).(az, by) + (ay, by). (as, b3)
~The direct product of any two distributive lattices is a distributive lattice.

iii) Find the complement of every element of the lattice < §,,,D > forn = 75.
Solution:

16
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S.ss =1{1,3,5,15,25,75} under division rule
1®75=75and 1+75=1
~ Complement of 1is 75
3@25=75and3+25=1
~ Complement of 3 is 25
5@15=15and 5%15=5
~ 5and 15 has no Complement

~ Itis not a complement lattice

75

25 15

10. i) Let Z be the set of integers and let R be the relation called “congruence
modulo 3“ defined by
R={(x,y)/ x€ Z N y€Z N (x—y)isdivisible by 3 }
a) Provethat R is equivalence relation
b) Determine the equivalence classes generated by the elements
of Z.
Solution:
a) i)Vx € Z,(x — x) is divisible by 3 = (x,x) ER
-~ The relation R is reflexive.
i)Vx,y € Zand V(x,y) € R = (x — y)is divisible by 3
= (y — x)is also divisible by 3
=(y,x) ER
-~ The relation R is symmetric.
iivx,y,z€ Z,~Vv(x,y),(y,z) ER
= (x — y)is divisible by 3 and (y — z)is divisible by 3
= (x —y)+ (y — z) is divisible by 3
= (x — z)is divisible by 3
=(x,z) ER
-~ The relation R is transitive.
from (i), (ii) and (iii) we get
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The relation R is equivalence relation.
b) The equivalence classes are

lalg ={...,.a—2k,a—k,a,a + k,a + 2k, ...}
wherea =0,1,2, ...,k — 1 for congruence modulo k
[0]z ={...,—6,—3,0,3,6, ...}
1]z ={...,—5,-2,1,4,7,...}
2]z ={...,—4,—-1,2,5,8, ...}
Z/R = {[0]g, [1], [2]&}

ii) Write the Lattices of (D35,/ ) . Find its complements
Solution:
D3z ={1,5,7,35} under division rule
1®35=35and1+35=1
~ Complement of 1is 35
507 =35and5%7 =1
s Complementof 5is7

35
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