UNIT-I
FOURIER SERIES

Periodic function :

A function f(x) is said to be periodic, if and only if f(x + T) = f(x) where T is called period
for the function f(x).

Eg: sin x and cos x are periodic functions with period 27.i.e sin(2mw + x) = sinx
cos (2w + x) = cosx

Fourier series:

Fourier series is an infinite trigonometric series defined by

0 - . nmx
> Z a, cos bnsmT),chSc+21

Where ay, a,, and b,, are called Euler’s constants or Fourier coefficients.

Dirichlet’s conditions:

A function defined in ¢ < x < ¢ + 2l can be expanded as an infinite trigonometric series of
the form

Qo N . nmx .
> z a, cos +bn smT),prowded

i) f (x) is single valued and periodic in (¢, ¢ + 21)

ii) £ (x) is continuous or piecewise continuous with finite number of finite discontinuous in
(c,c+ 2D

iii) f(x) has no or finite number of maxima or minima in (c, ¢ + 21).

Fourier coefficients for the function f(x) in the interval c < x < ¢ + 2l is given by

c+21 c+21

1 1 nmwx
0 =7J f(x)dx,a, =7f f(x)cos de,

c+21

1 nimix
=7 f f(x)sin de
c

Fourier coefficients for the function f(x) in the interval 0 < x < 2l is given by



21 21 21
1 1 nmx 1 . nmx
ay = Tj f(x)dx,a, = TJ f(x)cos ——dx, by = Tf f()sin —
0 0 0

Fourier coefficients for the function f(x) in the interval —1l < x < lis given by

l l l
1 1 nmx 1 . nnx
a =7 f(x)dx,a, = 7 f(x)cos de,bn =7 f(x)sin de
-1 -1 -1
Fourier series for the function f(x) in the interval 0 < x < 2m.
Qo N .
flx) = > + Z(an cosnx + b, sinnx)
n=1
Where
21 2r 21
1 1 1 )
ao =— f(x)dx, a, = . f(x)cos nxdx, b, = - f(x)sin nxdx
0 0 0
Fourier series for the function f(x) in the interval —m < x < 1.
2% 3 .
fx) = vl + Z(an cosnx + b, sinnx)
n=1

Where

s T T
1 1 1
ap = — Jf(x)dx,an o Jf(x)COS nxdx , b, = ff(x)sinnxdx
- - -

Fourier series for the even function f(x) in the interval —t < x < m. (or)

Half range cosine series in the interval 0 < x < 1.

Vs s
2 2
ay = —Jf(x)dx,an :—ff(x) cosnxdx,b, =0
T T
0 0
then the Fourier series is reduced to

a
fx) = 70+ z a, cosnx
n=1

Fourier series for the odd function f(x) in the interval—t < x < m. (or)



Half range sine series in the interval 0 < x < .
s
2 .
ay=0, a, =0,b, =— | f(x)sin nxdx,
T
0

then the Fourier series is reduced to

flx) = Z b, sinnx
n=1

Fourier series for the even function f(x) in the interval —1l < x < l. (or)

Half range Fourier cosine series in the interval 0 < x < [

l l
2 2 nmx
ap = ij(x)dx,an = ij(x)cos de,bn =0
0 0

then the Fourier series is reduced to

[oe]

a nmwx
fx) = 70 + z @y COS——
n=1

Fourier series for the odd function f(x) in the interval —1l < x < l. (or)

Half range Fourier sine series in the interval 0 < x <l

l
2 . nmx
ay=0, a,=0,b, =7jf(x)sm de
0

then the Fourier series is reduced to

nmx
fx) = b,, sin W

n=1

Fourier series for the complex function f(x) in the interval —m < x < m

[o¢]

f0) = ) ce™

n=—oo

where

s
1 .
Cn = 5 ff(x)e‘””‘ dx
-1



Parseval’s identity for the Fourier series in the interval (0, 21r)

z [a? + b?]

Parseval’s identity for the Fourier series in the interval (0,21)

21

~[1rcor

0

NION

2l

2 (0e)
%f[f(x)]zdx=% Z [a? + b?]

0

Parseval’s identity for the Fourier series in the interval (—1t, )

[aj + bi]

~|ON
M8

~ [trcordx =

1

n

Parseval’s identity for the Fourier series in the interval (—1,1)

l

2 (0e]
%f[f(x)]zdx=% Z a? + b?]

-l

Parseval’s identity for the half range Fourier cosine series in the interval (0, )

f [f (0)]% dx = a;) + i [a;]
0 n=1

Parseval’s identity for the half range Fourier sine series in the interval (0, )

jn [F P =i[bﬁ]
0 n=1

Parseval’s identity for the half range Fourier cosine series in the interval (0, 1)

l o0
[ireor =2+ (a2
0 n=1

Parseval’s identity for the half range Fourier sine series in the interval (0, 21)
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T [treordx =
0

n=1
Root-Mean Square value of a function f(x)

Solution:

RMS value of a function f ()

INIENR
b—a

Problems:

1.Find the Fourier series for f(x) = xsinx,0 < x < 2m.

Solution: We know that

a
flx) = ?0 + Z(an cosnx + b, sinnx)
n=1

Where

2n

2T
1 1
a, =;f fx)dx ZEI xsinx dx
0 0

=— [x(— cosx) = 1(—sinx)]§"

1
= —[2m(— cos2m) — 1(—sin2m) — 0] = -2

3

1 21
a, = Ef f(x)cos nxdx
0

2T

1 .

=— | xsinxcos nxdx
T

0

2n
1
= %f x[sin(1 + n)x + sin(1 — n)x]dx
0

1 —cos(1+n)x 1 —sin(1+n)x 2
—%x< 1+n >_ ( (14 n)? >l

0




1
+—

—cos(1—n)x
()

Whenn =1

2m
1
a; = ;j f(x)cos xdx
0

2n
1

=—] X sin x cos xdx
T
0

1 2T
=—f x sin 2x dx
2T
0

_ 1 [ (—cost) 1 (—sian
“ o F\U 2 722

2w
1
b, = ;.f f(x)sin nxdx
0

2m

1
= —f x sin x sin nxdx
T

0

1 2n
= —f x[cos(1 —n)x — cos
21
0

1 [ (sin(1+n)x
k() -
2m | 1+n

Whenn =1

(1-n)?

(1 + n)x]dx

L (— sin(1 —n)x

I, =2

1 [ (sin(1-n)x . —cos(1 —n)x\]
_§_x< 1—n >_ < (1—-n)2 >

—cos(1+n)x

(14 n)?

2

)

0

)

A



27
1
b, = Ef f(x)sin xdx
0

21T

1 . .

=— | xsinxsin xdx
T

0

2n

2
n?—1

cosnx + wsinx

1 o0
flx)=-1 — 5 cosx + Z
n=2

2. Show that for

21 mx 1 2nx 1 3mx
0<x < l,x=—<sin———sin—+—sin—_...)
T [ 2 l 3 l

Using root mean square value of x, deduce the value of

1 1 1
ittt

Solution: We know that
nm
flx) = Z b, sinTx
n=1

Where
!
2 nm
b, = Tff(x)sinTx dx
0

!
2 nm
=—fxsin—x dx
l l
0



nr nm\2
j ()
21
— _(_1)n+1
nm
— 21
X = z — (=1)n*1 smn—ﬂx
P n l

Using RMS value

3. Obtain Fourier series for f(x) = x?in0 < x < 2m.

Solution: We know that

a
fx) = ?0 + Z(an cosnx + b, sinnx)
n=1
Where

2n

17 1
aO:Ef f(x)dxz;f x? dx
0 0

0



1 <x3)2” _ 8n?
m\ 3 0 3
21
1
a, = g] f(x)cos nxdx
0

21T

1 2

=— | x*“cos nxdx
T

0
11, (sinnx CoS nx sinnx\1%* 4
=) =) ()l =
T n n n 0 n

2r
1
b, = ;j f(x)sin nxdx
0

21T

1 5 .

=— | x“sinnxdx
T

0

_ %[xz (_ coinx) oy (_ sir;;tx) + 7 (corsl;lx)]zﬂ ) %4”

()_4n2+4§:(1 T )
flx) = 3 1 7 Cosnx = —sinnx
n=

4. Prove that in the interval

[ 41 nx 1
0<x<l,x=§—ﬁ( I 32
and deduce that
1 N 1 N 1 N _n4
14 34 54 96

Solution: We know that

a nmx
fx) = ?0+ Z y, COS——

n=1

where

COS—+ -5 COS—— + -



! !
2 2
a0=7ff(x)dx=7fxdx
0 0

I
2 nmx
a, = ij(x)cosde
0

nmx
l ] X cos—dx

[ nwx
2 sin -

x
I nn

[

= lGe) o=

21
= (-D"-1)

When n is odd

4]
nlm?

a, = —

When n is even

nmnx

cos ——
[

(),

!

nm

;

|

a, =0
41 1
f(x )_E_F geosnx
n=1
1 4l( nx+1 37Tx+ )
x=5——7|cos -+ 37005

Using Parseval’s identity

N
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—f f(x)zdx—7°
0
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2 I? 41
2
— | x*dx ==+ (—
l 2 n2m?
0 n=1,3,5,...
2x3l lz_|_16l2 (1)
13| 2 =t n?
0 n=1,3,5,
212 2 1a2<1 1 1 )
__—:_—+—+—+...
3 2 * \1* 4 gt
1612,1 1 1 12
F(F+§+¥+'">=€
1 1 1 4
+ —_—

3Tt =5

5. Find the complex form of Fourier series of the function f(x)

In the form

wx sinh ani( D" a+in
e = — e
s a® + n?
And hence prove that

T - (—1)"
asinham a? +n?

—Q0

Solution: We know that

[o¢]

fO) = ) ce™

n=—oo

where

:i fe(a—in)x dx

-1



(a—in)x]™
— i e — ; (e(a—in)n _ e(a—in)(—n))
2n|la—in|_ 2n(a — in)

(a+in)

— e p—inm _ p—am pinm
2n(a —in)(a + in) ( )

(a+in)

= 2n(a? + n?) (e*™ (cosnm — isin nm) — e~ (cos nm + isin nrm))

B (a +in)(—1)" se4™ — egam
 n(a? +n? ( 2 )

(a +in)(-D"

sinh an
n(a? + n?)

Ch =

[o/0)
sinh ar a+in .
e = (_1)11 einx
T

—0Q0

Put x = Qin the above series, We get

sinh am - a+in

a’ +n?

Equating real parts on both sides, we get

sinh ar - a
= )V
T as+n

m o (—1)n
asinhamr a? +n?

—Q0

6. Find the Fourier series for f(x) = {l (; xl, gj i;ll

Hence deduce the sum to infinity of the series

i 1

(2n + 1)2
n=0

Solution: We know that

a, . nmx
f(x)—? z a, cos + b, smT)

n=1



Where

nmnx

j f(x)cos —dx

l
1
—Tj(l—x)cos ?dx
0

[ . Nmx
1 sin =
= 7 (l - x) nm - (—1)
l
_ 1 —cosnn_l_ 1 _ l
ey eyl
L\ [ l

a, = 0,whenn is even

21

a, = W,whenn is odd

f f(x)sm I dx

f(l — x)sin @dx

[(—D™*! +1]




ol nm nm

_ 1([2(—1)”) _ (="

()_l 21[1 nx+1 37rx+1 57TX+ ]
fx =17 12C05l 32605 l 52cos l

[ (=1)"
+—Z( ) sin nrx
T[n=1 n l

[ 2l11 mx 1 3mx 1 S5mtx ]

l—X=Z+F FCOS T+?COS T+?COS T+

[ (=1)"
+—Z( ) sin el
T[nzl n l

Here ‘0’ is a point of discontinuity which is an end point of the given interval. Therefore the
value of the Fourier series at x = 0 is the average value of f(x) at x = 0 and x = 2]

Putting x = 0, we get

fO+fRH 1 201 1 1
2 _4+n2[12+32+52+'"
211+1+1Jr ]_l—O I 1
w2 [12 "~ 32 52 \ 2 4 4
1+1+1+ _m?
12 32 " 52 8

7. Find the Fourier series for f(x) = |cosx|in ( — m, )

Solution:

f(—=x) = |cosif—x)| = | cos x| = f(x)

~ f(x) is an even function.

Vs T
2 2
ao =Eff(x)dx :Ef | cos x| dx
0 0



y
A = |cos x|
1 1
Yy =cosx
0 > X 0 > X
T T 3 T T 3
2 > 2 7
-1 -1
[2 ]
2|2 | cosx if 0<x< =
_|j osxdx+f(—cosx)dx| “ |cosx| = -
T —cosx if -<x<m
I 7 | 2

2 T 4
= —|[(sinx)¢—(sin x)gl =—
T AR

s
2
n = ;ff(x)cos nxdx
0

—j | cos x| cos nxdx

2[% ™ ]
;U—cosx cosnxdx+f(—cosx)cosnxdx|
| : |
T
cosx if 0<x< 5
s |cosx| = T
—cosxif§<x< /[

1
> [cos(n + 1) x + cos (n — 1)x]dx —

2 1 ]|
= 2 [cos(n + 1)x cos(n — 1)x] dx]J

O'\Nm
Nlﬁ\iﬁ

T

sin(n+ 1)x  sin(n—1)x12 1fsin(n+ 1)x sin(n—1)x}"
ol e s
n+1 n—1 0o T n+1 n—1 T

N



2 sin(n+1)% sin(n—l)%
x| n+1 n—1
+ T innZeosE_ Tin
=E 51nr12cos2 cosn251n2+smn2cosz cosnzsinz
T n+1 n—1
2 cosn%(n—l—n—l)
B n?—1
4 T
a, = — mCOSTL ,n+1.

whenn = 1, we get

2 Vs
a; = ;f f(x)cos xdx
0

2
= —j | cos x| cos xdx
I

™ |
I

cosx cos x dx + f(—cosx) cosxdxl

7 |

SN

'_O___|
—— s

[ 2
ANE! 1
= — —|COS4ZL X X — COSX X
f [cos2x + 1]d 2x + 1]dx]
E{Z 2
0

N|=|\='

Tl.'

_1 [sin2x+ ] [sin2x+ ]
- 2 T, 2 e

T
2

1
pmsl=o

b, =0,

Then the Fourier series is reduced to

|



flx) = 70 z cos nx

= cos n 2
Z cosnx ———-< — 1)

8. Find Half Range Cosine Series f(x) = x in0 < x < A

fx) =

=|IN
=||4>

Solution: We know that

f(x) —?0 Z cos nx

n=1

where

T

=%fnf(x)dx=%fxdx
0

0
lezr
= —|— =1
|2 0

s
2
a, = ;.f f(x) cosnxdx
0

= %fx cosnxdx
_ %[ (sm nx) (_ co:lznx)]z
ot

(D" -1

nnz
When n is odd

4
a, = ——
n 2

When n is even

a, =0



=2 4( oo cos3x+ )
x—2 - CoOSXx 32COS X

9. Find the Fourier series of periodicity 2 7 for (x) = x%, —m < x < mand deduce

Solution:
f(=x) = (—x)* = x* = f(x)

~ f(x) is an even function.

2 s
= ;.f f(x)cos nxdx
0

Vs
2 2
=— | x“cos nxdx
n

[xz (sm nx) - (_ cos nx) ) (_ sin nx)}”
n? n3 /i

2 TTCOS NTT 4(—1)"
( > B n2

=I|N

SN

b, =0

(x)—70 z cosnx

2 had _1\n
f(x)=%—4z (n—lz)cosnx
n=1

By Parseval’s identity



n=1
[0e]
2t 2mt 1
—=—+416 —
5 9 n*
n=1
165: 1 2m* 2
nt 5 9
n=1

10. Find the Fourier series for  f(x) ¥, —l<x<0

and deduce that

I
—A—

o
-~ +

—x,0<x<l
+1+ _
12~ 32 8

Solution:

l—x,—-l<—x<0 (l—x,l>x>0 _
f(—x)—{ l+x,0<—x<1 _{l+x,0>x>—l_f(x)

~ f(x) is an even function.

! !
2 2
a, =7!f(x)dx=7!(l—x)dx

] P e P
2 A 2



ff(x)cos —dx

!
2 nmx
=7j(l—x)cos —7; dx
0

. nmx nmx
2 SIHT COST
=7|t-0| —m— |- D[ - )
l I 0
2 cosnm 1

)

a, = 0,whennis even

4]
ném?

a, = ,Whennis odd

b, =0

f(x) —70 Z cosﬂ

[0¢]

4] 1 nmx
f(X)ZE-F; FCOST
n=1,3,5,...
Putting x = 0, we get

Il 41 1

0) = —+— il

f(0) >t = E =

n=1,3,5,...

Here ‘0’ is a point of discontinuity, then

f(O+0)+ f(0—-0)
2

f(0) =

l+1
FO)=—-=1



l_l 4] 1
T2 2 n?
n=1,3,5,...
41 1—l I
2 nz = 2 2
n=1,3,5
1 N 1 L m?
1232 "7 8

11. Find Half Range Fourier Sine series f(x) = xsinxin0 < x < m.

Solution: We know that
f(x) = Z b, sinnx
n=1
Where

2 Y
b, = E']-f(x)sin nxdx
0

x sin x sin nxdx

O\:]

f x[cos(n — 1)x — cos(n + 1)x]dx
0

1 sin(n — 1)x —cos(n — Dx\]"
- () ),

1 I (sin(n + 1)x> <— cos(n + 1)x>r
x| — | — 1.

N

T n+1 (m+1? /],
1 cos(n — 1w 1 cos(n+ 1w 1
‘El -1 (-12 (nt1)? +(n+1)zl
B 1 (_1)71—1 1 (_1)n+1 1
~ 7 (n—l)z_(n—l)z_(n+1)2+(n+1)zl



1+ D*ED" (=12 + (- DD - (n+ 1)°
_n_ (n2 —-1)2
[P+ 2n+ DD+ (P -2n+ D+ (0 - 2n+ DD — (P +2n + 1)
T (n? — 1)2
_1[-4n(-1)" —4n
Tl m2-1)? |
n+1

0 whenn # 1 and nis odd
bn ={ O whenn# landni

T[(TLZ — 1)2 wnenn ana nis even
Whenn =1

2 T
b, = ;f f(x)sin xdx
0

x sin x sin xdx

Il
QN
o

:n»—x

T
jx [1 — cos2x]dx
0

[ _sin Zx ; <x2 cos 2x>r
- —,
2 2 0

(x) = T 8 i n )
fx)= 5 sinx —— nZ = 1) sin nx
n=2,4,6,...

:n»—x

=||»—x

12. Find Half Range Fourier Sine series f(x) = x(m — x)in0 < x < mand Prove that

Solution: We know that

flx) = Z b,, sinnx
n=1



Where

A

2
b, = ;f f(x)sin nxdx
0

T

2
=;jx(n — x) sin nxdx
0

Vs
2
=;](nx — x?) sinnx dx
0

T

=2 2 (=S - (- 2 (< SEY  ( (£05)

4 [cos nmw — 1] 4 [(—17); — 1]

0

T n3 T

8 .
b — {ﬁ when nis odd
n

0 when nis even

8 1
flx) = p- 3 sinnx

n=1,3,5,...

Putx ==

2
rr( 7'[) _ 8 1 =
> T 5) =2 3 smn2

n=1,3,5,...

1 nd

-3 Sll’lnz = ﬁ
n=1,3,5,...
1 m 1 3mr 1 57 w3
FSII’IE-F §511’17 +§sm7+ :ﬁ

1 1 N 1 B 3
13 33 '53 U732

,0<x<m

13. Find the Fourier series for f(x) = {2 T<x <2

Solution: We know that



flx) = 70 z a, cosnx + b, sinnx)

Where

a, = frf(x)dx =%Urf(x)dx+7rf(x) dx
0 0 e

I]ldx+12dx‘ —[mr+4nm—2n] =3

= ;j f(x)cos nxdx
0

[ 21

ff(x)cosnxdx+f f(x) cosnxdx

| 0 T

e

m 2T
fcosnxdx+2f cosnx dx
0

T

ol

21

1 [/sinnx\" sinnx
P ( ) +z( ) —0
T n /o n J,

1 2m
= E,f f(x)sinnxdx
0

N

ff(x)sinnxdx+f f(x) sinnx dx

[ 27

fsinnxdx+2f sin nx dx
| 0 T

[/ COSNX\T COS X\ 27
Sy (-]
0 n T

N

N

[/ cosnm —1 COS 2N — coS N’
(-=)+2(- )

n

N

= —i[(—l)" —1+4+2-2(-D"]
nm



by = ——[1— (=1)"]
nrm

2
—— whennis odd
nm

0 when n is even

[ee]
1.
— E —sinnx
n

n=1,3,5,..

N| W
IR

flx) =

x for0<x< é
14. Find the Fourier sine series for f(x) = !
l—x for 5 <x< l

Solution: We know that

fx) = b, sinﬂ

n=1

Where

f f(x) sm— dx

l

X

2
ff(x)sm— dx+ff(x)sm IX dx
0

2

|
2
L]
|

2 !

n
fxsm— dx+f(l—x)sm— dx
0

2
l l

A —

nix nrx\ 12
2 cos —7~ sin=7=
1 nn ol 2
l ( I ) 0
nmx . NIX
2 cos —7~ sin==
+|a-n| - v -

A —

N| ~



r nl ol
T B O
ll \ o \ (7)

0 for —1<x<0

15. Find the Fourier series for f(x) = {1 for 0<x<1

Solution: We know that

\ 0 nmx
flx) = > Z a, cos +b smT)

n=1

Here [ = 1 then
fx) = 70 Z a, cosnmx + b, sinnmx)

Where

! 1
1 1
aozf_jl‘f(x)dxzi_[f(x)dx

0 1
=_[f(x) dx+!f(x) dx

0 1

= dex+f1dx=(x)},=1

-1 0




! 1
1 nmx 1
a, =7 ff(x)cosT dx =7 ff(x)cosnnxdx
2 1

0 1
= jf(x) cosS nmwx dx+ff(x) cosnmx dx
1 0

1

0
= jO.cosnnx dx+fl.cosn7rx dx = [
1 0

sin nmx1t
= 0.
0

nm

! 1
1 nmx 1
b, = 7 ff(x)sinT dx = 1 ff(x)sinnnxdx
2 21

0 1
= ff(x) sin nmx dx+jf(x) sinnmx dx
1 0

1

0
= fO.sinnnx dx + J 1.sinnmx dx = [—
] 0

cos nnx]l

nm 0

cosnmt cosO0

S &Y
nm nm nr

0 when n is even
I— whennis odd

2« 1
fx)==+— Z —sinnmx
i n
n=1,3,5,...

N| =

16. Find Half Range Fourier Sine series f(x) = xcosxin 0 < x < .

Solution: We know that

fx) = Z b,, sinnx
n=1

where

T
2
b, = Ef f(x) sin nxdx
0



xcos x sin nxdx

S—

N

j x[sin(n — 1)x + sin(n + 1)x]dx
0

cos(n — 1)x " —sin(n— 1)x
"(‘ n—1 )‘ ( (n—1)2 >
1 cos(n+ 1)x " —sin (n+ Dx\]"
+;lx<— n+1 >_ ( (n+1)2 >l

0
1 cos(n — Dm cos(n + 1w
a E[ﬂ <_T> +”<_T>l

(_1)71—1 (_1)n+1
| n-1 + n+1 l

T

N

_ l—(n + (D" - (n— 1)(—1)"l,n £ 1

n?—1
2n(—=1)"
by = nz -1
Whenn =1

s
2
b, = E,f f(x)sin xdx
0

X coS x sin xdx

o

1 T
=—fx[sin 2x]dx
/i
0
B 1[ ( cos Zx) . ( sin 2x>]”
—xl* 2 \" 2z )],
=%(—nc032n) =-3

n(=1"
Sin nx
n2—-1

1 (o]
flx) = —Esinx+2 Z
n=2



17. Find the Fourier series for f(x) = 1+ x + x?in ( — m, ) and deduce that

Solution: We know that

a
flx) = 70 + Z(an cosnx + b, sinnx)
n=1

Where

1 [ 1 [
a0=;jf(x)dx=g f(1+ x +x%)dx

1 xz  x3\" 1 n?® 7l (-m)?  (-m)3
—;<X+7+?>_”—;I(TL’+7+?>—<—H’+ > + 3 >]

s m
1 1
ap = ff(x)cosnxdx=; f(1+ x + x?) cosnx dx
- -

- 1T T
2
=; fcos nxdx+fxzcos nxdx]

Lo 0
2 [sinnx 4 sin nx cosnx sinnx\1"
=— +x ( >—2x(— 5 )+2(— 3 )]
nl n n n n 0
4(-1)"

T

2r
1 1
b, :E_]- f(x)sin nxdx = f(l + x +x?)sinnxdx
0 -7

T
2 .
=— | xsin nxdx
T
0

_2 [x (_ cos nx> i (_ sin nx>]” _=2(=1)
T

n n? /|, n



2 e _1\n _1\n
f(x)=1+%+4;(( nlz) cosnx—(;n) sinnx)

Here ‘i’ is a point of discontinuity which is an end point of the given interval. Therefore the
value of the Fourier series at x = 1 is the average value of f(x) atx = —mrandx =7

Putting x = T, we get

> 5—COSNT — sin nn)
n

fm+fm . w? o (=D)" (—1)"
—_1+?+4;(

1—7T+T[2+1+7T+T[2_1+7‘[2+4i(—1)n 3
2 B 3 s n? =D
n=

2 [ee]
1+ n? =1+n—+4zﬂ(—1)”
3 ] n2
n=



Harmonic analysis:

18. Find the Fourier series expansion of period 2m for the function y = f(x) which is

defined in (0, 2m) by means of the table of values given below. Find the series upto the third

harmonic.
T 2 4
X 0 — il T falld 5—” 21
3 3 3 3
f(x) 1.0 1.4 1.9 1.7 1.5 1.2 1.0

Solution: Let y = f(x)

Here n = 6 Since the last value of y is repetition of the first, only the first six values will be
used.

We know that

a
fx) = 70+ aq cos x + a, cos 2x + az cos 3x + by sinx + b, sin 2x + b3 sin 3x

Where
—ZZ —ZZ L =29
aO_n y_6 y_3 " - "
—ZZ —ZZ L =253
al—n ycosx-6 ycosx—3 1) =-2.
—ZZ 2 —ZZ 2x = 2(~03) = 0.1
az—n Y COS x—6 y cos x—3 .3) = —0.
—ZZ 3 —Zz 3 —1(01)—0033
a3—n Y oS x—6 y cos x—3 1) =0.
b—zz i —Zz inx = = (0.524) = 0175
1= ysmx—6 ysmx—3 ) = 0.
2 2 1
b, = ;Zysin 2x = gZysin 2x = =(—0.178) = —0.059

3

b —ZZ in3 —Zz n3x = 2(0) =0
3= ) ysin3x=—- ) ysin3x =g =

f(x) =1.45—2.53cosx — 0.1 cos2x + 0.033 cos 3x + 0.175sin x — 0.059 sin 2x
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19. Find the Fourier series as far as the second harmonic to represent the function given in

the following data
X 0 1 2 3 4 5
f(x) 9 18 24 28 26 20

Solution: Let y = f(x),Heren=6and 2l =6=> [ =3

a X X X X
f(x)=7+alcos l + a, cos2— l + by sin— l +b251nZT
a X X X X
f(x)=7+alcos 3 + a, cos2— 3 + by sin— 3 +b251n2?
Where
Zy_ Zy——(lZS)—4167
a1=n ycos——62ycos ——( 25) = —8.33
—ZZ Z 22 -1y = 233
a = y cos 2 =z yeos2— =z = —2.
2
b1=n ysm—= Zysm—=—( 3.464) = —1.155
b_Z _an_Z _an_l(o)_
2= ) ysin2— =2 ) ysin2—=2(0) =

X X X
f(x) =20.83 —8.33 COS = = 2.33 cos 2 3 1.155 sin?
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UNIT-II
FOURIER TRANSFORMS
Fourier integral theorem.

If is a given function f(x) defined in (=L, 1) and satisfies Dirichlet’s conditions, then
1 [ee] [ee]
flx) = ;f f f(t) cos A(t — x)dx dA
0 —o

Infinite Fourier transform and its inverse:

FIf(x)] = f(x)e™* dx

|

F()] = j f(x)e* dx

F[f(x)] and F~1[F(s)] are Fourier transform pairs.
Infinite Fourier cosine transform and its inverse

The infinite Fourier cosine transform is given by

F.[f(x)] = ff f(x) cos sx dx

Then the inverse Fourier cosine transform is given by

EELS]] = f(x) = jgf F.[s] cos sx ds
0

Parseval’s identity for Fourier transform.

If F(s) is the Fourier transform of f(x), then

[o¢]

f|f(x)|2dx— [ as

Fourier sine transform and its inverse of f(x) in (0, 1).

The finite Fourier sine transform of a function f(x) in (0, )is given by



!
nmx
fs(n) = f f()sin——dx,
0
Then the inversion formula is given by

fx) = %Z “(n) smﬁ.

Fourier cosine transform and its inverse of f(x) in (0, 1).

The finite Fourier cosine transform of a function f(x) in (0, 0)is given by

l
fe() = f f(X)cosg dx,
0

Then the inversion formula is given by

nmix

fx) = %fc(o) +%ch(n) cos ——
n=1

Infinite Fourier sine transform and its inverse

The infinite Fourier sine transform is given by

RLf(0)] = f f F£(x) sinsx dx

Then the inverse Fourier cosine transform is given by

E'ELs]] =f(x) = jgf F,[s]sin sx ds
0

Parseval’s identity for Fourier sine transform.

If Fg(s) is the Fourier transform of f(x), then

[irerax= [ Feras
0 0

Parseval’s identity for Fourier cosine transform.

If F-(s) is the Fourier transform of f(x), then



flf(x)lzdx=f |Fo(s)|? ds
0 0

properties of Fourier transform:

Linearity property:

If £(x) and g(x)are any two functions then

Flaf(x) + bg(x)] = aF[f(x)] + bF[g(x)], where a and b are constants.
Shifting property:

If F[f(x)] = F(s), then F[f(x — a)] = ¢! F(s)

Fourier transforms of the derivatives of a function.

p (&1

dx™

) — (=is)"F(s).

F.[f(ax)] = %Fc (Z)a > 0.

Solution:

E.[f(ax)] = \/%f f(ax) cos sx dx
0

Putax = ywhenx =0,y = 0.

dx:% When x = 00,y = ©
2 ( syy\ dy
—j;ff(y)c08(3)7

0

127 s

=5\/;ff(y)cos(5)ydy

0

1

s
=2 @)
If F(s) = F(f(x)), then prove that F(xf(x)) = (—i) _d[z(:)]

Solution: F(s) = \/%fio f(x)e"*dx



dF)] d 1 o
s —&m_ff(x)e dx

1 8
- = ff(x)%(e‘”‘)dx

=\/%T ff(x)ix(eisx)dx

= iF(xf(x))
d[F(s)]

ds

F(xf(x)) = (D)
If F¢[s] is the Fourier sine transform of f(x), show that
F,[f(x) cos ax] = %[Fs(s +a)+ F,(s—a)l

Solution:

F,[f(x)cosax ] = \/%J. f(x) cosax sin sx dx
0

= \E%f f(x) {sin(a + s)x — sin(a — s) x }dx
0

= %.%fooo f(x) sin(a + s)x dx — %.%fooo f(x) sin(a — s)x dx

N| =

[Fs(s + a) + F;(s — a)]

If F(s) is the Fourier transform of f(x), the Fourier transform of f(x)cos ax

F[f(x)cosax] = \/% fjooo f(x) cos ax e™*dx

1 < eiax _l_e—iax _
= — - isx
m_f f(x)( > >e dx

s+a)x ei(s—a)x

1 i« 1
:Eff(x)e > dx+mff(x) > dx




N| =

Fl[f(x)cosax] = -[F(s+a) + F(s — a)]

If f(x) is an even function of X, its Fourier transform F(s) will also be an even function
of s.

Proof: By definition
F(s) = —— f Fes dx .. (1)
Van )
Changing s into —s in both sides of (1),
F(-s) = 1 f f(x)e *dx ... (2)
ver J.

In the right hand side integral in (2), put x = —u.
then dx = —du; when x = co,u = —o0
and when x = —oo,u = oo,

So (2) becomes

F(=s) = \/%0.[ f(—wes*, (—du)

-1 f f(—uwes*du
Varm
= \/%fjow f(—x)e*dx [Changing the dummy variable u into x]
1 ( isx
= \/ﬁ f f(x)e"*dx = F(S) by (1).

Here F(S) is an even function of s.
If f(x) is an odd function of x;, its Fourier transform F(s) will also be an odd function of s.

Proof: By definition

F(s) =\/%_[O fx)e*dx ... (1)



Changing s into —s in both sides of (1),

F(=s) =\/%T_£ f(x)e *dx ... (2)

In the right hand side integral in (2), put x = —u.
then dx = —du; when x = co,u = —o0
and when x = —oo,u = oo,

So (2) becomes

F(—s) = \/%TO[ f(—wes*. (—du)

=\/%T jf(—u)eisudu

= \/% fjooo f(=x)e"*dx [Changing the dummy variable u into x]

= \/% f —f(x)e"*dx = —F(S) by (1).

Here F(S) is an odd function of s.

If F.(f(x)) = F.(s), provethat F.(F.(x)) = f(s)
Proof:
By inverse cosine transform, we get

flx) = \/%f E.[s] cossx ds
0

Interchanging s and x, we get

f(s) = \/%f F.[x] cos sx dx
0

= F.(F.(x)) [By definition of Fourier cosine transform]

Fourier transforms of derivates of a function:

- [dj;ix)] _ \/;_ﬂj: F(x)eis* dx



J_.f e d[f (x)]

B 1
_\/271

{[eis"f(x)](:o - ff(x)iseisxdx}
=—% ff(x)eis"dx

(assuming f(x) = 0 as x - + )

= —isF(s).

l Zf(x)l \/_ jfrr(x)ezsxdx

f_j e d[f ()]

1
V2w

[[eis"f'(x)]: - ff’(x)iseisxdx}

= _i_S f f’(x)eisxdx
V2m .
(assuming f'(x) - 0 as x - £ o)

s )
N e d[f (x)]

= —\/%{[eisxf(x)]cfw - _i f(x)ise's* dx}

_is)?
:(\/12172 ff(x)eisxdx

(assuming f'(x) = 0 as x - )
= (—is)?F(s).

In general,



[d"f (x)

dxn

= (—is)"F(s).
Convolution theorem of the Fourier transform.

If F(s) and G (s) are the functions of f(x) and g(x) respectively then the Fourier transform
of the convolution of f(x) and g(x) is the product of their Fourier transform

FI(f * g)x] = F(S).G(s)

[ee]

1 . 1 [ 1 .

—00

1—|x|for|x| <1
0forl|x|>1

j sin*t it i
t4 3
0

1. Find the Fourier transform of f(x) = {
And deduce that

Solution:

FIf ()] = j F(x)ei™ dx

1
FIf ()] = & f (1= [xD)es™ dx

x<0

= ; l.f(l—( x))els"dx+_]-(1_x)elSde‘ [ Il = x’ xz0

><

f(l + x)e"*dx + f(l ‘Sxdx]

—l<1+x>( %) (i) lﬂ-ﬂ(e-”x)*-”(%)l]
vo| SERICSR <o:>02>l ja-n(%5)- <<>>”
“(1 0(% )+ ()| oo (%) <<>>”

—LS

l+0+

:m[E_ (is)2 lO (i )2 (is)? [lS (15)2]]

—is elS 1
\/E[ (15)2 (15)2 (15)2_(15)Zl

1 |1 e eis +e7
:E[s_fs_z_ Iv—[ < 52 )l




1 12 2cos s
=l ()] = gt —cos
2 S
225m7

T s2

By Parseval’s identity

f [F()lPdx = f [FIF o1 ds

fj[1—|x| dx = IU»ZS‘"

: 22sm
Zfl—x dx—2f
0

8 [ sin*> (1-x%" [a-13 [(A-0) 1
e 1] - (-3>]§

oo

sin*3

2.1
f st 45T 5

s 0
Putt=§=>s=2t,ds=2dt,whens=0=>t=0ands=°°=>t=°°

sin*t £
(2t)* 24
0
j‘ sin*t it = s
t4 3

2. Using Parseval’s identity calculate

] dx B x“dx .
l)bl-m ll)b].m lfa>0

Solution: i) We know that
2 a
Ele™]| = |———
el ] \/;az + 52

ff(x) 2dx = f[F f(x)]] ds

0
—ax2 —
f dx = f[fa2+sz ds
0

Here f(x) = e™

Using Parseval’s identity



oo

202 (1 1 72
fe‘zaxdx= f[ > 2] ds
T a“+s
0

2

2a2 - 1 e ~2ax e
ds =
T j[a2+sz] s [—Za
0 0

e ¢

—2a —2a

j dx

(x2 +a?)?  4a3
0

ii) We know that

Here f(x) = e ™
Using Parseval’s identity

[1reorax = [[Blreonas
0

f _axzdx_flfa2+sz ds
0
f e 2 dy = — f[a2+52] ds

2 [ e‘za" e™ ef
Ef a2+s2 _[—Zal T 2a —2a
0

oo

f a2+s2 :%
0

(+ s is dummy variable it is replaced by x)

j‘ X o
(x2+a?)?  4a
0

] ] (1 for|x|<a .
3. Find the Fourier transform f(x) = {0 for x| > a ifa>0
Deduce that
smt T smt T
(‘)f -z o) () w3

0
Solution:

1 7 |
FIF] = 5= | rees=ax



isx 1%

\/27‘[[ s
isa —lsa 1 1 eisa _ e—isa
e R

_ 1 Zsinas_ 2 sinas
2t s Jm s

i) By inverse Fourier transform
1 .
x)=—— | Flf(x)]e™*ds
£ mf [Fe)

1 1 f 2sinas ~isvgs (1)
=— = e S ..
\/277_ S

Putx =0and a =1in (1),we get

leiS*dx =

FIF) = = f

i

oo

1 sin s
1=—j ds
T S

—oco

2 (sins
1=-— S
T S

_ 0
j‘sins T
—as = —
S 2

ii) By Parseval’s identity, we get

oo

[treorax= [[Fireon‘as

2

f[l]zdx _ jj \/gsinsas ds
fdx— 52 f [smas
%f [smsas] ds = [x]

f smas] ds-a— @
0

f [T e

4. Find the Fourier transform of f(x) = {1

Puta = 1in (2),we get

x% for|x| <1
0 for|x|>1
Hence prove that



oo

j‘sins—scoss Sd 3w
——cos—ds =—

s3 2 16
0

Solution:

Fvuﬂ=7i:fqude

Flf(x)] = \/-— f(l — x2)e* dyx
isx isx isx 1
_—__kl-x2)<e' >"(_2x)<ésﬂ>'*(_2)<55V>l-1

r l(l - 1)<ls ) (,el;>w— : <(leS)3>]

k1—1)< >+2( ”((:)) <59iﬂ
=$E2<mi> (wﬁ> 099 Q@J]
) () ()

)

l

2coss 2sins 21
[ ] 2 |=—(sins — scoss)
ms3

By Inverse Fourier transform, we get

— 1 ij[ ] —isxd
f(x)—ﬁ_w f(x)le™¥ds

1 (|21 .
f(x)=\/—_ fZ\/:—a,(sins—scoss)e‘”xds

(sms—scoss) o
f(x) = (cos sx — isin sx)ds
(sm S — SCOSS) (sm S — SCOSS)
f(x)=—= 3 cossx ds —— 3 sinsx ds
S s S

—oo —oo

ﬂm——f
0
[+ The function in first intergral is even and the function in second integral is odd]

(sins — s coss)

3 cossxds —0...(1)

1
Put x = 3 in (1), we get



1\ 4 x(sins—scoss) S
( ) f 3 cos=ds
s 2

2

T
0

oo

" (1)2_4f (sins — s coss) S
> 3 cos 5 ds

T
0

4 m(sins—scoss) S 1 3
gj 3 coszds=1—Z=Z
0 oo
(sins — scoss) s 3T
j 3 coszds=E
0

5. Find the Fourier cosine transform of e 4%, a > 0

Solution:
F.[f(x)] = \/gj f(x) cos sx dx

0
2 _aZxZ
= |—| e cos sx dx
T
0

2,2
e % * cossx dx

FC [e_azxz

e

N| =

Sl
)
gﬁ\g SN

P —— 3

e~ @’** R P of eis* dx

2,02
eaxelS.de

I
=
o
=)

\'\

2,240
eax+lS.de

Il
=
-
Q
\h
S
3 3

|
8

[
o
o
o
\h
2 3
o
|
Q
—~
><[\}
|
Nk
&2
U
=

|
8



oo

1 52 —(ax—ii)z
=R.P0fﬁemfe 2a) dx

—oo

is dy
Puty=ax—%,dy=adx:>dx=;,whenx= ooy =+too

oo

1 _s? d
=R.P0f\/.7_n_€ er yz_y

a
1 _SZ\/E
=R.Pof —e 4aZ—
f\/27r a
1 5%
[ = e

6. Show that f(x) = e~ /2 s self reciprocal under the Fourier cosine transform, deduce

that glx) = xe *"/2 is self reciprocal under the Fourier sine transform.
Solution:

E.[f(x)] = \/»jf(x)cossxdx
x?2 2 - x?2
Fcle_71= —j e 2 cossxdx
s
0
1\F _x?
== —fe 2 cossx dx
2.m

2R Pof e"* dx
ok

271_

1 - x? .
=R.Po e” 2 dyx
f V27T_
_ R Pof - fe—i(xZ—ZLSX) dx
/A
=R POf fe——(x —2isx +(is)? (LS)Z)d
21

27'[_0o
ind N2 . \2
=R.P of% fe_(x\/;) e(\l/_%) dx
s

s\ 2
1 SZ _x—lS
=R.Pof —e 2 fe (\/7) dx



X — s dx
Puty=ﬁ,dy=ﬁ:>dx=\/§dy,whenx= tooy=+oo

—RPof fey\/_dy

_RPof%e 4\/_\/_

T
2 2

_x _ 5
Fcez=ez

ds 2
XZ S2
F; [xe_ 7] =se 2
7. Find the Fourier sine transform of
—ax
,a>0
Solution:
2 .
Elf(x)] = Ef f(x) sin sx dx
0
" e—ax
sin sx dx
0
Differentiating with respect to s, we get
d
Is F, pol el 7'[_]. sinsx dx
—ax d
—sm sx dx

e % cossx dx

— ﬁ(—acossx+ssinsx)]
mla? +s 0

2 e™ e®
= j;[m(—a COS s + 5 sin s ) _az—-l-sz(_a coss0 + s sin s0 )l




d [e_ax]_ 2 a

ds °l x 1 |ma?+s?
F[e_ax]_f 2 a ds = Zf ds
Sl ox ] T2 +s2 07 7Y it s?

2
=% tan

\/:tan 1_
8. Find the Fourier cosine transform of e"‘2

Solution:
F.[f(x)] = \/gj f(x) cos sx dx

[_x]—fj —** cossx dx

1 ’2
== (= fe‘x cos sx dx
2. 0m

1 f g |
=— X R.Pof e"* dx
\/271'_ f

1 .
= R.P of fe —x? gisx

1f

H

V2m
= R.P of L fe—x2+isx dx
Vzr )
=R.P ofif ~(x?—isx) gy
Vzr )
_ 1 A3 -G))
= R.P of m__[oe dx
I T (G RO
= R.Pof m_[qe dx

—R.P of\/% fe—(x—%s) e(2) dx



is
Puty:x—i,dyzdxﬁdxzdy}whenx:+oo:>y=ioo

—RPof feydy
R.Pof 1 4\/_
=R.Pof —e
V2T
1 s2
Fce_xz = —e 4
1=

xfor0<x<1
9. Find the Fourier sine transform of f(x) ={2 —x for 1 <x <2
0 forx>?2

[f(x)] = \/%ff(x) sin sx dx
0
= \/%jlf(x) sin sx dx -zl- 1ff(x) sin sx dx
= \/%jxsinsxdx + j(Z — x) sin sx dx
0
fl[ cos sx 4 (_ sin sx>] [(2 N\ x) cos sx) 1) (_ sizzsx)]]
_ \/;ll (_ coSs S) i1 (s;&) _0+(2-2) ( cos 25) B (Si:ZZS)

[(2 _ 1) COSS sms ”

COS S sin S sin 25 coss sins
+ 2
S S

f{Zsms sm25] f{Zsms ZSIHSCOSS]
2
2 2sins 2 2sins S
_ _ )
_\/; 2 [1—coss]—\/; 2 [ZSlTL E]

2sins S

Elf(x)] =4 Es—zsmzf

Solution:

for|x| <a

2
as —x

10. Find the complex Fourier transform of f(x) = {
P fx) 0 for|x| >a

Hence deduce



fw (sinx — xcosx) Dy = is
¥~ 15
0

) (sinx — x cos x)
i
3
0

Solution:
f f(x)e"*dx

f(a —x2)e*dx

helZ)- ol o,
(a? - a?) (i) +2 <<e>> ~ <<ezs>3>l
2 @({i) Q;;ﬂ
((Ls)2> <Ls)3> <(Ls)3>l

() _
() )

7l
2] o ey (22

FIf(0)] =

FIf(0)] =

-]

e

L
2[ 2acosas 2sinas 21

= —[— — + 5 ]=2 —— (sinas — as cos as)
s S S TS

i) By Inverse Fourier transform, we get

— 1 ij[ ] —isxd
f(x)—ﬁ_w f(x)le™*ds

1 (. |21 |
flx) = N f 2\/;5—3(5111 as —ascosas)e “*ds ...(1)

Putx = 0in (1), we get
sinas — as cosas
ds

foy =2 [FES

—oo

sinas — as cos as )
ds=a*—0..(2)

|
T s3

—oo

Puta =1in(2), we get



2 sins —scoss
— —d
T

S =
53

—oo
oo

fsins—scoss
—_—qas =

SEES

S3
0

s
— (v s is dummy variable it is replaced by x)

sinx —xcosx
j(l )d

ii) By Parseval’s identity, we get

[1rearax = [lFrrcorfas

2
a oo
2 (sinas — as cosas
f[aZ—xz]de= j 2\/:( 3 | s
T S
_a —_—0
a oo 2
2 (sinas — ascosas
zf[az—xz]zdx=2fl2\ﬁ( 3 ) ds
T S
0 0

) Y 8 [ [(sinas — as cos as) 2
[a* — 2a%x? + x*]dx = — 3 ds
T s
0

O%m

e . 2
8 (sinas — as cos as) 4 2x3 x°
— ds =|a*x — 2a* —+ —

s3

3
s 3 5 0
r (sinas — as cos as) zd . 2a +a5_8a5 )
s=a 3 T =Tt -.(3)

put a = 1in (3),we get

r I(sin S — S COS s)l2

r (sinx — x cos x) T , , o
f dx = 1s (+ s is dummy variable it is replaced by x)
0

11. If F(s) is the Fourier transform of f(x), find the Fourier transform of

f(x —a)and f(ax)



Solution:

1 r .
FIs] = FIf ()] = 5= | reesax

1 ¢ .
FIfG = )] = 5= [ £ - weax

puty=x—a=>x=y+a,dx =dy,whenx = too=>y = too
=L jof(y)eis(yﬂl)dy:L ff(}/)eisyeisady

var J. Var J.

isa 1 ff( ) isyd isaF[ ]
=e r— e =e S

var J IO
F[f(x —a)] = e®*F[s]
Flf(a0)] = — ff( yetsed
ax)| = — ax)e X
var J.

_ Ly dy
puty—axzx—a

,dx=;,whenx= ooy =+oo

1 A 11 [
- [ = — [ rorevay

12. Evaluate the following integral using Fourier transforms

dx
'of (x%2 + a?)(x? + b?)

Solution: We know that

—ax] — E a —bx1 — E—b
Fc[e ]_\/;(Sz_l_az)ti[e b ]_\/;(Sz_l_bz)

Here f(x) = e and g(x) = e™>*
By convolution theorem, we get

[o¢]

[ r@.g@ax = | ElroEIgE as
0

0



f o l”dx"Jnj—<s +cﬂ)j—<s Ok

j e—(@tb)x gy — 2ab

0

f(s +a2)(s +b2)

2abj ds e—(ath)x
(sZ+a?)(s2+b2) |—(a+b) 0

2abf ds e e 1
m ) (s24+a?)(s2+b2) —(a+hb) —(a+b) a+b
0
dx B T
(x2 + a?)(x2 +b2) 2ab(a+b)
0

(v s is dummy variable it is replaced by x)

13. Find the Fourier transform of e~%/*! @ > 0 and hence deduce that

I

j (x%2 4+ a?)? ~ 443
0

Solution:
FIFGo)] = ff@kmdx
FLF ()] ‘f_f e~elxleisy gy
) 0 -
- —a(—x) pisx —ax ,isx — —X, x<0
o fe e dx+fe e dx[lxl {x, >0
—oo 0

oo

0
1 j’ . .
— (a+is)x g4 f —(a—is)x g
e x + e X
Vam| .

0

1 [reta+is)x1° o—(a—is)x]”
_\/27-[ Ia+isl_w_l a-—1is L
1 e e~ e " e
_\/271 a+is a+is a—is a-—is

1 a—is+a+is]

:\/ﬁ[a+i5+a—is]:\/ﬁ[ a? — (is)?



P = =]

By Parseval’s identity, we get

f [F()1Pdx = f [FIF o1 ds

_j[ e=l¥l]*dx = f[\/_[az ds
ZOf[e_ax]zdx = 20f [\/T_E[az—-fsz ds

oo

fe_zaxdx =%f [azL-l-sz]z ds
0

/s
f o 1 a?)? =17 (v s is dummy variable it is replaced by x)
0

14. Find the Fourier cosine transform of f(x) = e~**. Deduce that

oo oo

cos2xdx mw _g xsin2xdx mw
———=—-e °an ————— =€

_ -8
x*+16 8 x?+ 16 2

0 0

F[f()] = ff f(x) cos sx dx

2 oo
[e=*] = \/;f e~ cossx dx
0
\/gl e 4 -
= |—|—=——=(—4cos sx + ssin sx )I
—A)2 + o2
m|(=4)* +s 0



2[ e 4= o—4(0)
= |- l16 T2 (—4cos seo + ssin seo ) — 16 + 52 (—4coss0 + ssin s0 )

2 4
Fle™™1= \/;16 T 52

fx) = \/%f E.[f(x)] cossx ds

0

—4x 2[ 2 14 cossx d
e = [— — sx ds
T 16 + s2

0

By inverse cosine transform,

oo

J 1 d m,
16+ 52 0S¥ 5[ 3¢
0

Interchanging x and s, we get

1 T —4s
16+x2cossxdx=§e ..(1)
0

Differentiating (1) with respect to s, we get

oo

dj‘ 1 s = dmn _,.
ds 16+x2cossx S_ds8e
0

Differentiating under integral sign we get,

oo

f 1 d 4 dn _,
16+x2dscossx S_dSSe
0

N 1 T
_ : — _(— —4s
f16+x2( x sin sx) ds 8( 4e™*5)
0

oo

X ; n —4s
16—+x251n sxds =§e (2)
0

Puts =2in (1) and (2),we get



fcostdx_n
x2+16 8°

-8

0

fxsiandx_n s
16 2°
0

15. Find the Fourier sine and cosine transform f(x) = e~ and hence find the Fourier

1 . . X
> and Fourier sine transform of ——
1+x 1+x

cosine transform of

Solution:

F[f(x)] = \/%f f(x) cos sx dx
0

2 oo
Fc[e"x]=\gj e~ cos sx dx
0
— Z[e‘x ( +ssi )r
= (mlagsa(cossxt ssinsx)|

21 e 7 _ e—0 _
= > (—cos seo + ssin seo ) — (—coss0 + ssin s0)
n|l+s

1+ s2

By inverse cosine transform,

fx) = \/%f E.[f(x)] cossx ds

0




Interchanging x and s, we get

2 T

1
_ - — _p—S
fl xzcossxdx— ze

0
E[f(x)] =\/%ff(x)sinsx dx
0

2 oo
Fs[ex]=\/;f e~ cos sx dx
0
Z[e‘x (s )r
= | -|g5z (-sinsx —scos sx .

B I )~ ¢ (=sins0 0)
= - 1+52 SIins SCOS S 1+52 Sin s SCOS S

By inverse sine transform,

flx) = \/%f F,[f(x)]sinsx ds

0

oo

2 2 2 )
e ™* = —f El_l_szsmsxds
0

ZJ‘ s ) J T
— sinsxds = |[ze
+ 52 2

ZJ‘ x dy = T
—| T gzcossxdx = o€



Aliter: For finding F; [1fo]

d
Elxf(x)] = —EFc[f ()]

s R el
s T2l T Tase T 122

d [m _ T s
=—E\/;e __E(_e)



Partial Differential equation
Partial differential equation:

The equations which involving coefficients as partial derivatives are called partial differential
equations.

Solution of a partial differential equation:

The relation between the dependent and the independent variables without involving any
partial derivatives is called solution of a partial differential equation.

Complete integral:

A solution of a partial differential equation which contains the maximum possible number of
arbitrary constants is called complete integral.

Particular integral:

A solution obtained by giving particular values to the arbitrary constants in a complete
integral is called a particular integral.

General integral:

A solution of a partial differential equation which contains the maximum possible number of
arbitrary functions is called general integral.

Let F(x,y,2z,p,q) = 0...(1)be a partial differential equation and its complete integral be
®(x,y,z,a,b) =0..(2)
Substituting b = f(a) in (2), we get
®(x,y,2,a,f(a)) =0..(3)

Differentiating (3) partially w.r.t. a, we get

00 _
~==0..(4)

The elimination of a from (3) and (4), if it exits, is called general integral.

Singular integral:

Let F(x,y,z,p,q) = 0 ...(1)be a partial differential equation and its complete integral be
®(x,y,z,a,b) =0..(2)

Differentiating (2) partially w.r.t. a and b in turn, we get



0P

6(15_0 4
=5 =0..(4)

The elimination of a and b from (2), (3) and (4), if it exits, is called singular integral.

1. Form partial differential equation by eliminating the arbitrary functions f and g in

z = f(x3+2y) + g(x3—2y).

Solution:

z = f(x3+2y)+ g3 —-2y)...(1)
Differentiating (1) partially with respect to x,

0z
p=5-= f(x3®+2y)3x2 + g'(x® —2y)3x%...(2)

Differentiating (1) partially with respect to y,
0z 3 ,
155, = f'x®+2y)2+ g'(x® — 2y)(=2)...(3)

Differentiating (2) partially with respect to x,

0%z
rEoa= /(3 +2y)9x* + g"(x3 = 2y)9x* + f'(x3 + 2y)6x + g'(x3 — 2y)6x ... (4)

Differentiating (3) partially with respect to y,

0%z
t=g7= G+ 24+ g"( = 2y)4..(5)

Differentiating (3) partially with respect to x,

0%z
= = f 3 2 _ " 3 _ 2
s 9x3y f'(x° +2y)6x= — g'(x° — 2y)6x° ...(6)

r=9x*(f"(x® +2y) + g"(x% = 2y)) + 6x(f'(x* + 2y) + g'(x® — 2y))

t D t 2p
r=9x4Z+6xE=9x4Z+7 (from (2) & (5))

4xr = 9x°t + 8p

2. Form partial differential equation by eliminating the arbitrary functions f and g in

z = xf2x+y) + g(2x +y).



Solution:
z = xfQCx+y)+ gQ2x+y)..(1)
Differentiating (1) partially with respect to x,

p= Z_JZC =xf'2x+y)2+fQx+y)+ g'2x+y)2..(2)

Differentiating (1) partially with respect to y,

0
q= £ =xf'Cx+y)+ g'2x+vy)..(3)

Differentiating (2) partially with respect to x,

0%z
0%z . , -
r=og =xf Qx4+ Qx4+ )4+ g'Qx+ )4 (4)

Differentiating (3) partially with respect to y,

azz ! 12}
t=a—yz=xf Cx+yv)+ g"@2x+y)..(5

Differentiating (2) partially with respect to y,

0%z

Q Jdyox

=xf"QCx+y)2+ f'Cx+y)+ g"Q2x+y)2..(6)

From (4), (5) and (6), we get
4s —r =4xf"Qx+y)+4 g"'Q2x+y) =4t
4s —r =4t
3. Find the singular solution of z = px + qy + m

Solution:

Z=px+qy+\/m...(1)
(1) is of Type-ll
Let z = ax + by + ¢ ... (2) be the complete solution of (1)

Differentiating partially with respect to x and y, we get



0z 0z _

pzﬁza,qza_b

Substituting the values of p and q in (1),

z=ax+ by ++1+a?+b?..(3)is the complete Solution of (1).

To find singular solution:

62_0&62_0
da ob
0z N 2a 0 —-a “@
— =y = X=—...
da 2V1+a? + b2 V1+ aZ + b2
az_ N 2b P —-b )
b 7 Tr @21 YTt inE
) 5 2 _q a® b? _1+a2+b2—a2—b2
Ty = 1+a2+b?> 1+4+a?2+b? 14 a? + b?

1 1

_ 2 2= 2 2 =
1—x y 1+a2+b2=>‘/1 X y 1+a2+b2m(6)

Substituting (4 and (5) in (6), we get

—X

x=—-al=x?—-y?s2a=—-—..(7)
J1—x%2—y2
\ 2 2 — 4
y=—byl1—x2—y2=ph= ..(8)
J1—x2—y?
Substituting (6),(7) and (8) in (3), we get
—X -y 1

Z

5 + +
\/1—x2—y2x \/1—x2—y2y J1—x2—y2

1—x%2—y?

J1—x%—y?
z =./1—x?% —y? is the singular solution.

4.5olve p(1—q%) =q(1—2)

7 =

Solution:
p(1-q¢*) =q(1-2)..(1)

This is of type F(z,p,q) =0



letu =x+ay..(2)
_az_azau_az
P=ox ouox ou
_62_626u_62
1= 9y " ouay  au®

Substituting the values of p and g in (1),

dz 9z \° dz
£<1 - (ad) > =aa(1 —Z)
=a(l-2)

2

dz 1—a—az 07\ >
1-a-2=(50) =z =(5,)

62_1

—J(1—a)—az

o a

adz
=Jdu
J(1—a)—az

Integrating on both sides,

adz
f m = f ou
-2J(d—-a)—az=u+c..(3)
Substituting (2) in (3)
-2/ (1 —a) —az = x + ay + cis the complete solution.
5.Solve z = p? + ¢*
Solution:
z=p* + ¢%>..(1)
This is of type F(z,p,q) =0
letu =x+ay..(2)

0z 0zdu 0z

P=5x " duox o
_62_626u_62
q_ay_auay_au'a



Substituting the values of p and q in (1),

_ (62)2 N (az )2
2= Gu ou
0z

7= (%)2 (1+ a?)

2
e (6

Z dz

(1+a?) odu

2vz\ /(1 +a?) =u+c...(3)
Substituting (2) in (3)
Zﬁm = x + ay + c is the complete solution.
6.Solve (y —xz)p+ (yz—x)g=(x+y)(x —y)
Solution:
The equation is of the form Pp + Qq = R
HereP=(y —x2),0 = (yz—x),R=(x+y)(x—y)

dx  dy dz
y—xz yz—x (x+y)(x—y)

ydx + xdy dz

yz—xyz+xyz—x2:x2—y2

ydx +xdy  dz

y2 —x2  x2—y2
ydx + xdy = —dz
d(xy) = —dz
Integrating on both sides, we get

Xxy=—z+c >c,=xy+z



xdx + ydy _ dz
xy —x%z+y2z—xy x2—y?

xdx + ydy dz

_Z(xz _ yZ) - x2 — yz

xdx + ydy = —zdz

Integrating on both sides, we get

=— —+4c;>c3 =x24y? + 7*

y2 72
2 2

X2
-+
The general solution is
®(ci,c3)=0
d(xy +z,x*+y*> +2z2)=0
7.Solve x (z2 - y*)p + y (x* - z°)q = z(y? - x?).
Solution:
The equation is of the form Pp + Qq = R
Here P = x (2% - y%),Q =y (x% - z%),R = z(y? - x?)

dx \ dy _ dz
x(z2-y?) y(?-2z2)  z2(y?-x?)

1 1

de+§dy B dZ
72 — y2 4 x2 — 72 _Z(yz_xZ)
1 1
de+§dy_ dZ
—(2-x%)  z(y?- x?)
1 1 dz
—dx+—-dy=——
X y z

Integrating on both sides, we get
logx +logy = —logz + logc,

logx +logy +logz = logc,

logxyz =logcy > ¢y = xyz



xdx + ydy dz

x272 — nyZ + nyZ — yZZZ - Z(y2 _ XZ)

xdx +ydy dz
x272 — yzzz - Z(yz _ xz)

xdx + ydy dz

—z2(y? - x%)  z2(y* - x?)

xdx + ydy = —zdz

Integrating on both sides, we get

2 2 2
X<y z
ZrT g tara syt e
The general solution is
(D(Cll C3 ) = 0

@ (xyz,x*+y*> +2z2) =0
8. Find the singular solution of z = px + qy + p? — q?
Solution:
z=px+qy+p:-q*..(1)
(1) is of Type-li
Let z = ax + by + c ... (2) be the complete solution of (1)

Differentiating partially with respect to x and y,we get

B 0z B B 0z —}
p_ax_a'q_ay_
Substituting the values of p and g in (1),
z=ax + by + a? — b? ...(3)is the complete Solution of (1).

To find singular solution:

62_0&62_0

da ob
02 @ i t2a=0ma=""_(a
5 =~ a= a—2...()
0z ob—o0ob=2 (5
=7 - =5..(5)



Substituting (4) and (5) in (3), we get

e pe G -0

Ly r Y
S R N R
2 yZ
z=- + T = 4z = y? — x? is the singular solution.

9. Solve p?y(1 + x?) = gx?

Solution:

, PP +x") _q

2y(1+x%) = =—..(1
p*y(1+x?) = qx 2 y (1
It is of variable separable type.
2(1 + x? a’x? ax
Let prdtx7) = a’ = p?

X2
q
Let ;= a=q=ay..(3)

dz = pdx + qdy ...(4)

Substituting (2) and (3) in (4), we get

ax

dz =
VIt 2

dx + aydy

Integrating on both sides, we get

fd 1[_2ax d+f d
Z = — X a
2) V14 x2 yey

2
a y
= — 2
z 22 1+x +a2+c

2

z=ay1+x%+ ay? + ¢ is the complete solution of (1).

10. Solve z2(p? + q%) = x% +y2.
Solution:
(zp)* +(zq)* = x* +y*...(1)

It is of the form F(zp,z*q) = 0



Here k = 1,Put Z = zK*1 = 22 .. (2)

_az 0Z 0z _ P 3
“ox ozox 2w =5-0)
_0Z 0Z0z SN Q 4
=9y " ozoy AP H =5 ()

Substituting (3) and (4) in (1), we get
CRC R
P? 4+ Q% = 4x* +4y*®
It is of variable separable type
P? — 4x?% = 4y% — Q% =
2

a
P2 —4x% = q? > P? = 4x% + a? = P=2 x2+(§) . (5)

N 2
4y2—Q2=a2=>4y2—a2=Q2=>Q=2 yz—(z) ..(6)

dZ = Pdx + Qdy ...(7)

dZ =2 ‘xz + (%)2 dx + 2 ’yz - (g)z dy from (5), (6)and (7)

Integrating on both sides, we get

[armaf [os @ e b-@e

Z=2; x2+(g)2+%smh 1<%>+% y —(%) — cosh 1( ) +c
ZZZZ[; x2+<%)2+§2sinh_1 (2—>+% yz—(z)z—cosh_1 (%) +c

is the general solution of (1).



11. Solve (x? + y? + y2)p + (x? + y? — x2)q = z(x +y)
Solution:

The equation is of the form Pp + Qq = R

HereP =x2+y2+yz,Q =x*+y?> —xz,R = z(x +y)

dx B dy _dz
x2+yr+yz x2+yi—xz z(x+y)

dx —dy _ dz
x2+y2+yz—x2—y2+xz z(x+y)

dx—dy  dz

yzZ + xz _z(x+y):dx_dy=dz

Integrating on both sides, we get

X—y=zZ4+c>C=xXx—-Yy—Z

xdx + ydy . dz
x3+xy?+xyz+yx2+y3—xyz z(x+y)
xdx + ydy _dz
B Hxyi+yxt+y3 z(x+y)
xdx + ydy _ dz
x3+yxi+axyi+y3 z(x+y)
xdx + ydy _ dz
2(x+y) +yix+y)  z(x+y)
xdx+ydy ~ dz
(x+ )2 +y?)  z(x+y)
xdx +ydy dz
x2+y?  z

Integrating on both sides, we get

1
Elog(x2 +vy%2+2z%) =logz + log c,

log(x? + y?) = 2logzc,
log(x? + y?) = logz? c,?

x% + y?

2 2 _ 2 _
X+ y-=zc3>c3 =
y 3 3 )



The general solution is

P(c1,c3) =0
x% + y?
d><x—y—z, = >=0
12. Solve (y? +z%)p —xyq + xz =0
Solution:
2 +2z)p —xyq = —xz

The equation is of the form Pp + Qq = R
Here P = (y?+2%),Q = —xy,R = —xz

dx _dy  dz

(y2+22) —xy —xz
dy dz
—Xxy —xz
dy dz
y z
Integrating on both sides, we get
logy = logz +logc,
logy —logz =logc;
logz =logcy=>c = 4
z z
xdx + ydy + zdz _ xdx +ydy +zdz
(xy? + xz2) — xy? — xz2 0

xdx + ydy +zdz =0

2

2 2
Xty
2+2+

V4

7=02:>c3=x2+y2+22

The general solution is

CD(61'C3) =0
CD(%,x2+y2 +22) =0

13. Solve (x? —y? — z¥)p + 2xyq — 2xz = 0



Solution:
(x2 —y?2 —z%)p + 2xyq = 2xz
The equation is of the form Pp + Qq = R

Here P = (x? — y? — z%2),Q = 2xy,R = 2xz

dx _dy dz
(x2—y2—22)  2xy 2xz
dy dz
2xy  2xz
dy dz
y  z

Integrating on both sides, we get
logy =logz +logc

logy —logz =logc;
logz =logc;=>c¢ = 4
z z

dx _dy dz
(x2 —y2—22)  2xy 2xz

xdx + ydy + zdz dz

x3 — xy? —xz2 +2xy? + 2xz2  z(y? - x2)

xdx +ydy  dy

x3+ xy?2 +xz2  2xy

xdx +ydy +zdz  dy
x(x2+y2+2z2)  2xy

2xdx + 2ydy + 2zdz _ dy
(+y?+2%)

Integrating on both sides, we get

j‘ 2xdx + 2ydy + 2zdz _ (dy
(+y?+22) )y

log(x2+y? +z%) =logy + log c,

log(x?+y? +z%) =logy



2,02 4 2
x“+y“+z
x’+y?+z2 =yc, > ¢, Ty TE

y
The general solution is
®(cq,c,) =0
x?+y? + z?
o (zy_> — 0
z y

14.50lve (D? — DD — 2D'%)z = 2x + 3y + 3 +%
Solution:
The auxiliary equationis m> —m—2 =10
m=-—1,2
The complementary function CFis z = ¢, (y — x) + ¢, (y + 2x)

To find particular integral:

2x + 3y
D2 —DD' —2D'?
2x + 3y 2x + 3y

P.Il =

D’ D’Z - D/ D/Z
2 — S il ¥ 2
D (1 D ZDZ) D2<1_<ﬁ+2ﬁ>>
D _p?\\
= D2

' 2
(1 + <% + 2%—2>) (2x + 3y)

- bE [(1+x)t=1—x+x%—--]

, 2
(2x + 3y) + (% (2x + 3y) + 2%—2(236 + 3y)>

DZ



(@x+an+(3))

3
= =ﬁ(2x+3y)+ﬁ

D2
P _2x3+3x2y+3x3_5x3+3x2y 1 omix™™
1T T T T3 T DY T m+n)!
63x+4y
P.IZZ

D2 — DD —2D'?
e3x+4y 63x+4y

T32-(3)(4) —2(4)2 9-12-32

e3x+4y

P.I, =—
2 35

The general solution is
CF +P.1I{ +P.I,

5x3 3x2y e3xt4y

z=p1(y —x) + P (y + 2x) + 3 T 21 35

15. Solve (D2 + 3DD’ — 4D'%)z = siny
Solution:
The auxiliary equationis m? +3m —4 = 0
m=-—4,1
The complementary function CFis z = ¢4 (y — 4x) + ¢, (y + x)

To find particular integral:

siny
I = ! /2
D?+3DD —4D

_ Imaginary part of e?
~ D2+3DD' —4D"*

_Imaginary part of e¥ _ Imaginary part of e?
(02 +3(0)() —4()?2 4




siny

P.I =
4

The general solutionis C.F + P.I

siny
4

z=d1(y —4x) + po(y +x) +

16.Solve (D2 + DD' — 6D'%)z = x2y + &3**Y
Solution:
The auxiliary equationis m? + m — 6 = 0
m=—-3,2
The complementary function CFis z = ¢1(y — 3x) + ¢, (y + 2x)
To find particular integral:

_ x’y
D2+ DD —6D'?

xX°y x2y

- D’ D’Z D/ D/Z
2 QA V4
D (1+D 6D2> D2<1+<3—6F>>




2xty  2x>  xty x° 1 mlxmtn
P.11 == —_ = —_——_— —xm [ —
4! 5! 12 60 Dm (m + n)!
e3x+y e3x+y
P.IZ == 7 2 == 2 2
D2+ DD —6D'* 324+ (3)(1)—-6(1)
o 63x+y
. 2 -_ 6
The general solution is
CF +P.1I; +P.I,
=30+ da 20+ 2
z=¢1(y —3x)+ ¢ (y +2x 12 80 G

17. Solve (D3 — 2D2D ")z = 4 sinifx + y) + e*+%

The auxiliary equationis m3 —=2m? =0=>m?(m—-2) =0

m=0,0,2

The complementary function CF is z = ¢1(y) + x¢,(y) + ¢d3(y + 2x)

To find particular integral:

_ 4 sinifx + y)

_ 4 Imaginary part of e'**Y)
B D3 —2D2D’

_ 4 Imaginary part of e'**) 4 Imaginary part of e'**)
- OIRFIOH0! - —i+20)

_ 4 Imaginary part of e'**)

i
, 1
= —4 Imaginary part of ie'**Y) [ 7= —i]

= —4 Imaginary part of i(cos(x + y) + isin (x + y))

= —4 Imaginary part of (i cos(x + y) + i%sin (x + y))



P.I; = —4 cos(x +vy)

ex+2y
P.Iz =—D3 —ZDZD,
ex+2y ex+2y
PL=m 20~ 3

The general solution is

CF +P.I; + P.1,

ex+2y
z=¢:(y) + do(y + \/Ex) + ¢3(y — ﬁx) —4 cos(x +y) — 3
18.solve (D? — DD — 20D'%)z = sin(4x — y) + e>**”
Solution:
The auxiliary equationis m?> —m —20=0

m = —4,5

The complementary function CF is z = ¢1(y — 4x) + ¢, (y + 5x)

To find particular integral:

sin(4x — y)
D? - DD’ —20D"?

P.Il =

_ Imaginary part of e'™**~)
~ D2-DD —-20D"?

_ Imaginary part of e'™**)
- (4)? - (4D (=) — 20(=)?

_ Imaginary part of e'™**™)
B —16 —4+20

if denominator becomes zero then muliply numerator by x
and dif ferentiating denominator partially with respect to D

_ Imaginary part of xe'**=>)
B 2D — D'




_ Imaginary part of xe'**~Y)
B 2(4i) — (—i)

_ Imaginary part of xe!(*=¥)
a 9i

Imaginary part ofixe!(4*=¥) [ 1 ]
= — S — = —1
9 I

Imaginary part of ix(cos(4x — y) + isin (4x — y))

9
_Imaginary part of (ixcos(4x —y) + xi%sin (4x — y))

a 9

xcos(4x — y)
P.I; = —
! 9
85x+y
P. 12 =

D2—DD' —20D'?
85x+y

= 52— (5)(1) — 20(1)?

if denominator becomes zero then muliply numerator by x
and dif ferentiating denominator partially with respect to D

eSx+y eSx+y
- 2D-D'" 2(5) -1

85x+y

P.I, =
2 9

The general solution is
CF +P.I1 +P.I,

xcos(4x —y) e>*ty
9 9

z=¢1(y —4x) + ¢,(y + 5x) —

19. Solve (D2 — 4DD’ + 4D'%)z = xy + e¥**



Solution:
The auxiliary equationis m?> —4m +4 =0
m=22
The complementary function CFis z = ¢1(y + 2x) + x¢p,(y + 2x)

To find particular integral:

Xy
D2 —4DD' +4D'?
Xy Xy

- D’ D’Z D/ DIZ
2 — 4= -
-1
! r2
(1—(4%—4DD—Z>> Xy

DZ

P.Il -

! 2
(1 + (4%— 4%—2)>xy

= [(1-x)"t=1+x+x*+]

D2
! 12
(xy + (4%xy — 411))—2xy>>

DZ
X
(xy + (45)) 1 4
- pz  prtpst
x3y  4x* x3y x* 1 mlxmtn
P.Il = + = + — _— M =
6 24 6 6 Dn (m + n)!
er+y er+y
PI = r — =
27 D2 _4DD +4D% 22— 4(2)(1) + 4(1)?
xe2x+y xe2x+y

“2D—4D  2(2) - 4(D)



if denominator becomes zero then muliply numerator by x
and dif ferentiating denominator partially with respect to D

x262x+y

P, ="
2 2

The general solution is

CF +P.I, + P.I,

B3y x* x2e?rty
z=P(y+2x) +xp(y +2x) + —+— +

6 6 2
20. Solve (D2 —6DD + SDIZ)Z = xy + e* sinhy
Solution:
The auxiliary equationis m?> —6m +5 = 0
m=15
The complementary function CFis z = ¢ (y + x) + ¢,(y + 5x)

To find particular integral:

Xy
D2 —6DD' + 5D
Xy Xy

D’ D’Z D/ DIZ
2 A= -
-1
! 12
(1—(6%—5%—2>> Xy

DZ

P.Il =

= [(I-x)"t=1+x+x%+]

' 2
(xy + (6%xy — 5%—2xy>>

= D2




(xy + (6 %)) 1 6

- pz  p2tps¥
o =x3y+6x4=x3y+£ ixm: xmtn
1T 6 247 6 4 hE (m +n)!
(e’ —e™?
e* sin hy € 2
PIZ = 2 [ ) = 2 7 )

D+ —6DD + 5D D+ —6DD + 5D

eXty eX =Y

~2(p2—6DD +5D'2) 2(D?—6DD +5D7)
Xty X =Y

" 22— 6(D)(D) + 512 2012 — 6(1)(=1) + 5(-1)2)

xex+y ex—y

~20@D-6D) 2(11)

if denominator becomes zero then muliply numerator by x
and dif ferentiating denominator partially with respect to D

xex+y ex—y xex+y ex—y

Plh=scm~ea) 22~ =8 2

The general solution is

CF +P.I; + P.1,

x3 x*  xeXty XV

_ Xy, x _ _
z=¢:(y+x)+p(y +5x) + e ‘l'4 3 >

21.solve (D2 — DD' — 30D'%)z = xy + e+
Solution:
The auxiliary equationis m> —m —30=0
m= —5,6
The complementary function CFis z = ¢1(y — 5x) + ¢, (y + 6x)

To find particular integral:



Xy
D2 —DD' —30D'?

xy Xy

P.Il ==

D' D'? D' D'?
2 = _ =
D (1 D 30 DZ) D? (1—(g+30w>>
~1
! 12
(1 — (% + 30%—2>> Xy

= e

! 12
(1 + (% + 30%—2)) xy

= [(A—x)"t=1+x+x*+-]

DZ
D’ D'’
xy+\pxy+ BOny

DZ
1
O P2 YT ps
y _x3y_|_x4 1 - omlx™™
SRR TR DY T m+n)!
e6x+y
P.I, =

~D2_DD —30D2
e6x+y
~ 62— (6)(1) — 30(1)?

if denominator becomes zero then muliply numerator by x
and dif ferentiating denominator partially with respect to D

xe6x+y xe6x+y

“2D0-D  2(6) -1




6x+y

P.l, =
2 11

The general solution is

CF +P.I, + P.I,

3 x4 xe6x+y

XY
z=¢1(y =50 + ¢y +6x) + -+ o+ —




UNIT-IV

Applications to partial differential equations

Classification of second order partial differential equation:

peeallp g ZW L0y
¢ ox2 dxdy  dy? "

be the second order partial dif ferential equation.
The classifications of (1) are as follows

i) Parabolaif B> —4AC =0

ii) Ellipse if B> — 4AC <0

iii) Hyperbola if B> — 4AC > 0
1. Classify the partial differential equation 3u,, + 4u,, + 3u, — 2u, = 0.
Solution: Given 3u,, + 4u,, + 3u, — 2u, = 0.

A=3,B=4,C=0

B%? —4AC = 16 > 0, Hyperbolic
2. Classify the partial differential equation u,, + xu,, = 0.
Solution:

HereA=1,B=x,C =0

B? — 4AC = x*
(i) Parabolic if x = 0.
(ii) Hyperbolic if x > 0 and x < 0.

Initial and boundary value problems:

The values of a required solution, on the boundary of some domain will be given. These are
called boundary conditions. In other cases, when time t is one of the variables, the values of
the solution at t=0 may be presented. These are called initial conditions.

The partial differential equation together with these conditions constitutes a boundary
value problem or an initial value problem, according to the nature of the condition.



One dimensional wave equation:

One dimensional wave equation with initial and boundary conditions in which the initial
position of the string is f(x) and the initial velocity imparted at each point x is g(x) is

Oy _ 20

ot? 0x?
The boundary conditions are

dy (x,0
©y00=0 MyLD=0, i)y =) @) oD g

Possible solutions of one dimensional wave equation:

The possible solutions of one dimensional wave equation are

y(x,t) = (c1eP* + c,eP*)(c3eP? + cpe™P4) .. (1)

y(x,t) = (c5 cospx + ¢4 sin px)(cy cos pat + cgsin pat) ... (2)

y(x,t) = (cox + c10)(c11t + €12) .. (3)

Assumptions made in the derivation of one dimensional wave equation:

(i) The mass of the string per unit length is constant

(ii) The string is perfectly elastic and does not offer any resistance to bending

(iii) The tension caused by stretching the string before fixing it at the end points is so large
that the action of the gravitational force on the string can be neglected.

(iv) The string performs a small transverse motion in a vertical plane that is every particle of
the string moves strictly vertically so that the deflection and the slope at every point of the
string remain small in absolute value.

Steady state conditions of one dimensional heat flow equation:

when steady state conditions exist the heat flow equation is independent of time t.

ou 0
ot
The heat flow equation becomes
’u 0
ox?

The solution of heat flow equation is u(x) = ¢;x + ¢,



Steady state heat flow equation in two dimensions in Cartesian form:
The two dimensional heat flow equation for the steady state is given by

0’u  9%u ,
F7%) + 32 = 0.[Laplace equation]
Possible solutions of the Laplace equation:

The possible solutions of the Laplace equation are

u(x,y) = (c1eP* + c,e™*)(c3 cospy + ¢y sinpy) ... (1)
u(x,y) = (c5 cospx + ¢ sinpx)(c,e?? + cge ™) ... (2)
u(x,y) = (cox + c10)(c11y + €12) . (3)

The polar form of two dimensional heat flow equation in steady state:

262u+ 6u+62u_0[L l tion]
r 572 Tar 592 = aplace equation

Differential equation for two dimensional heat flow equation for the unsteady state:
The two dimensional heat flow equation for the unsteady state is given by
0°u 0%u\ oJu
== +== ==
0x?  0y? ot
1. A string is stretched and fastened to two points x = 0 and x = [ apart. Motion is started
by displacing the string into the form y = k(Ix — x?) from which it is released at time

t = 0. Find the displacement of any point on the string at a distance of x from one end at
time t.

Solution:
The displacement y(x, t) from one end is governed by the partial differential equation

9%y 0%y
W = a2 ﬁ (1)

The boundary conditions are
)y(0,t) =0,t >0

i)y(l,t) =0,t >0

9
iii) (—y) —0,0<x<l

iv) y(x,0) = k(lx —x%),0 < x <



By the method of separation of variables we get three possible solutions for (1). They are
I y(x,t) = (At + B)(Cx + D)

I y(x,t) = (Ae™ % 4+ Be®)(Ce ™™ + De™)

I11) y(x,t) = (A cos aat + B sin aat)(C cos ax + D sin ax)

The solution Il is suitable for (1). Since the solution Il is periodic in t and it also satisfies all
the boundary conditions.

Now applying the boundary condition (i) for solution Ill, we get

y(0,t) = 0= (A cos aat + B sin aat)C = 0

~C=0 because A cos aat + B sinaat # 0

[IfA cos aat + B sinaat =0 = y(x,t) = 0]

Now applying the boundary condition (i) and put C = 0 for solution lll, we get
y(,t) = 0= (A cos aat + B sin aat)D sinal = 0

] nm
smal=0=>al=n7t=>a=T

Acosaat + Bsinaat # 0and D # 0
Since A cos aat + B sinaat =0and D =0 = y(x,t) =0

Substituting a = % and C = 0 in solution I, we get
y(x, t) = (A cos @ + B sin @) D sin % - (2)

By putting AD = A,, and BD = B, in (2), we get

nmat nnat) nmnx

y(x,t) = (An cos — + B, sin l sin - - 3

The most general form of (3) is

[o¢]

nmat nmat nmwx
y(x,t) = Z (An cos — + B, sin l ) sin - - (4)

n=1

dy C ( nma nnat_l_B nma nnat) . nmx .
Fri 1 n TSI w7 C0S sin — ..(5)
n=

Now applying the boundary condition (iii) for (5), we get



[oe]

dy nmwa . nux
(—) =O$ZBn—sm—=0
0t/ x0) l l

n=1
~B,=0
Substituting B,, = 0 in (4), we get

c nmat nmwx
y(x,t) = Z A, cos l sin e (6)
n=1

Now applying the boundary condition (iv) for (6), we get

y(x,0) = k(lx — x2) = Z A, sin ? = k(lx — x2)
n=1

The above equation is Fourier Sine series.

nmx
—dx

!
2
A, =Tfk(lx—x2)sin l
0

2k _ — nwx —sin L~ cos nrx
_ .2 L \_g_ I _n| =L
= (Ix — x?) i3 (1 -2x) (M)z (-2) (Mf
l I I
2k —co P —sin nal cos nml
_ Al l e l _ l
=3 (1 %) T (1-2D (M)z +(=2) (M)S
l I I
in0 cos 0
- T|@-e-0 ) (-2) o
l l
2k COS NTT 1 4k 1 1\3
= —|(— — (— = | — — (=1
= (-2 T (-2) )| = (=) 1= 0m
l l
4kl? N
Ay ZWU—(—D ]
8kl1? )
A, =733 fornisodd

0 forniseven

Substituting the value of 4,, in (6), we get




8kl? nmat _ nmx

y(x,t) = 3.3 cos l sin -
n=135,..

et) = 8kl? i 1 nmwat  nnx

Y0 t) = —3 —3 €S —— sin —;

n=13,5,...

2. A tightly stretched string with fixed end points x = 0 and x = [ is initially at rest in its
equilibrium position. If it is set vibrating giving each point a velocity Ax(l — x), then show
that

8Al3 1  nmx  nant
}’(X,t)=—an4 Z Fsm_l sin ]

n=1,3,5

Solution:

The displacement y(x, t) from one end is governed by the partial differential equation

9%y 0%y
F = az W (1)
The boundary conditions are
i)y(0,t) =0,t>0
i)y(l,t)=0,t>0
i) y(x,0) =0,0<x <1
d
iv) (_y) =Ax(l—x),0<x <1

By the method of separation of variables we get three possible solutions for (1). They are
I y(x,t) = (At + B)(Cx + D)

I y(x,t) = (Ae** 4+ Be®)(Ce ™™ + De™)

111) y(x,t) = (A cos aat + B sin aat)(C cos ax + D sin ax)

The solution Ill is suitable for (1). Since the solution Il is periodic in t and it also satisfies all
the boundary conditions.

Now applying the boundary condition (i) for solution Ill, we get

v(0,t) = 0= (A cos aat + B sin aat)C = 0

~C=0 because A cosaat + B sinaat # 0



[IfA cos aat + B sinaat =0 = y(x,t) = 0]
Now applying the boundary condition (i) and put C = 0 for solution Ill, we get
y(,t) = 0= (A cos aat + B sin aat)D sinal = 0

nm

sinal=0=>al=nn=>a=T

Acosaat + Bsinaat # 0Oand D # 0
Since A cos aat + B sinaat =0and D =0 = y(x,t) =0

Substituting a = % and C = 0 in solution IIl, we get

nmat

+ B sin @)D sin == ... (2)

y(x, t) = (A cos -

By putting AD = A,, and BD = B, in (2), we get

nmat . nmat\ | nux
y(x,t) = (An cos —— + B, sin T) sin —— .. 3)

The most general form of (3) is

[ee]

nmat nmat nmx
y(x, t) = z (An cos — + B, sin l ) sin - - (4)

n=1

Now applying the boundary condition (iii) for (4), we get

C nmx
y(x,0) = 0:>ZAn sin - = 0
n=1

~A,=0
Substituting 4,, = 0in (4), we get

C nmat nmx
y(x,t) = Z B, sin l sin e (5)
n=1

dy i B nma nmat . nmnx 6
Fri 1 n 7 C0s — sin — ...(6)
n=

Now applying the boundary condition (iv) for (6), we get



dy nmx 5
(—) _Ax(z—x):ZB Lsin T dax — %)
The above equation is Fourier Sine series.

nwta 2 nmx
B, = Tj/l(lx — x?) sin de

21 —Cos T —Sin T cos T
el ] v ) B Gzl Sl BRG] Ry
i (7) (7) /],
22 —co nrl —sin nrl cos st
= =@ =) —— |- (=2 | —— |+ (2| ——
i (7) (7)
sin 0 cos 0
©-U-0|— |+ (2
(7) (7
cos N 1 401N
22 ey - (-2) iy == (=) 1=
! !
8Al?
B, #: 33 fornisodd
0 forniseven
8Al3
B, ={nigig fornisodd

0 forniseven

Substituting the value of B, in (5), we get

(D) 813 ~~ 1 nmx _ nanmt
x,t) = —— — sin—— sin
y an’ 2

l l
n=1,3,5
l
3. A taut string of length [ has its ends x = 0,x = [ fixed. The point where x = 3 is drawn

aside a small distance h, the displacement y(x, t) satisfies 3—)/ = q? g Y. Determine
t x

y(x,t) atany time t.

Solution:



The displacement y(x, t) from one end is governed by the partial differential equation

92 92
Y = @22 ..(1)
Jt 0x
y The equation of line OA The equation of line AB
A l
X=X _ Y= XT3_y—h
Xp—=X1 Y2—W l—% 0-h
4(z.1)
ey I
3 x—=0 y-—0 y _ hx—hg
! “h-o0 =T i
h §_0 h—0 2§
> X 3hx 3hx—hl
= — = h _—
0(0,0) B(l,0) y l y 21

_ 2hl-3hx+hl _ 3h(l—x)
o 21 T

The boundary conditions are
i)y(0,t) =0,t>0

iy(l,t)=0,t>0

]
iiQ) (—y) =0,0<x<]I

3hx !
— for0<x<§

) y(x,0) = 3hl(l \9 z
% for 3 <x<

By the method of separation of variables we get three possible solutions for (1). They are

D) y(x,t) = (At + B)(Cx + D)

I y(x,t) = (Ae** + Be*)(Ce ™™ + De™)

111) y(x,t) = (A cos aat + B sin aat)(C cos ax + D sin ax)

The solution Ill is suitable for (1). Since the solution Il is periodic in t and it also satisfies all
the boundary conditions.

Now applying the boundary condition (i) for solution Ill, we get

y(0,t) = 0= (A cos aat + B sin aat)C = 0

~C=0 because A cosaat + B sinaat # 0



[IfA cos aat + B sinaat =0 = y(x,t) = 0]

Now applying the boundary condition (i) and put C = 0 for solution Ill, we get
y(,t) = 0= (A cos aat + B sin aat)D sinal = 0

] nm
smal=0=>al=nn=>a=T

Acosaat + Bsinaat # 0Oand D # 0
Since A cos aat + B sinaat =0and D =0 = y(x,t) =0

Substituting a = % and C = 0 in solution IIl, we get

y(x,t)=( )D nﬂ .(2)
By putting AD = A,, and BD = B, in (2), we get

nmat . nmat\ | nux
y(x,t) = (An cos —— + B, sin T) sin —...(3)

The most general form of (3) is

[ee]

nmat nmat nmx
y(x, t) = Z(An cos — + B, sin l ) sin — ... (4)

n=1

dy - ( 2 nma nnat_l_B nma nnat) . nmx .
Fri 1 n 7SN n T C0S sin ..(5)
n=

Now applying the boundary condition (iii) for (5), we get

(631) i nna ) nrrx _0
0t/ oy - 1

# B, =0

Substituting B, = 0 in (4), we get

C nmat nix
y(x,t) = Z A, cos sin ..(6)

l l

Now applying the boundary condition (iv) for (6), we get



3hx

l

y(x,0) = 3h(l

if‘ ) T
L, n ST 3R - x)

—x)
21

l

for0<x< 3
l

for§<x<l

3hx l
for0<x<§

l
5 for§<x<l

The above equation is Fourier Sine series.

l
3
. nmx
fxsm de+
0

l
nmnx

nmx +f3h(l—x) ) p
X oy Sin —dx

A —

!
3

!
f (l—x)  nnx p
5 sin ——dx

l
3

|

W~

o el

nmx . NIX
—CO0S T —Sin T
x nn — 1 nm) 2
i () /l,
[ nmx _ nmx\1']
(—x)f=cos 7T\ (=1[—sin— I
2 nr 2 nm\? |
L (7) L
3
_cos L _gin Tl
£ €os 37 ~ sin 7
3 nn nm\?
i (7)
l l .
(l=3) [ —cos 3T (=1 —sin 3T ]i
2 nn 2 nm\?
i (7) /]|
—cos ML —gin T —cos T _ojpn T
i cos — 4 sin — _£ cos — (-1) [ —sin 3
T ORI (O]
[ I ! I
[ . nm . N
sin 3= 1Sin 5~ 9hl? it



9"  nm
An =z Sin g

Substituting the value of 4,, in (6), we get

[o'e)
9"  nm nmat = nnx
y(x,t) = —— sin —- cos sin
n’m

3 l l
n=1
( t)_9h - 1 . nm nmat = nmnx
y(x, =3 1n2 sin 3 cos l sin l
n=

4. A string is tightly stretched and its ends are fastened at two points x = 0 and x = [. The
point of the string is displaced transversely through a small distance ‘b’ and the string is
released from rest in that position. Find an expression for the transverse displacement of
the string at any time during the subsequent motion.

Solution:

The displacement y(x, t) from one end is governed by the partial differential equation

2 2
0y _ 2%
ot? 0x?
y The equation of line OA The equation of line AB
A
l
X=X _Y=h X7z_y-b
l X2—=X1 Y2—M l—% 0-»b
4(z0)
l
x—0 y-0 bx—b§
T, b-0 T
b 2 2
- X 2bx 2bx—bl
y== =b==

0(0,0) B(1,0)
__ bl—2bx+bl _ 2b(l—x)

l l

The boundary conditions are
i)y(0,t) =0,t >0

iyl,t)=0,t>0

. (0Y _
i) (== =0, 0<x<l



2bx l
— f0r0<x<5

. _)
W) yx0)=1 2p( - x) z

— for —<x < I

l 2

By the method of separation of variables we get three possible solutions for (1). They are
I)y(x,t) = (At + B)(Cx + D)
I y(x,t) = (Ae~*" + Be®)(Ce ™™ + De™")
111 y(x,t) = (A cos aat + B sin aat)(C cos ax + D sin ax)

The solution Il is suitable for (1). Since the solution Il is periodic in t and it also satisfies all
the boundary conditions.

Now applying the boundary condition (i) for solution Ill, we get
y(0,t) = 0= (A cos aat + B sin aat)C = 0
~C=0 because A cos aat + B sinaat # 0
[IfA cos aat + B sinaat =0 = y(x,t) = 0]
Now applying the boundary condition (i) and put C = 0 for solution Ill, we get
y(l,t) = 0= (A cos aat + B sinaat)D sinal = 0
nm

sinal=0:al=nn:>a=T

Acosaat + Bsinaat +# 0and D # 0
Since A cos aat + B sinaat =0and D =0 = y(x,t) =0

Substituting a = % and C = 0 in solution IIl, we get

nmat

y(x,t) = (A cos @ + B sin T) D sin # - (2)

By putting AD = A,, and BD = B, in (2), we get

nmat nmat nmwx
y(x,t) = (An cos — + B, sin T) sin - - 3

The most general form of (3) is

[o¢]

nmat nmat nmwx
y(x,t) = z (An cos —— + B, sin l ) sin - - 4)

n=1



[oe]

sin —— + B, cos

ot e l l l

n=1

Now applying the boundary condition (iii) for (5), we get

nmwx
(—) —O=>ZB sin—=0
0t/ (x,0 [

%B,=0

Substituting B, = 0in (4), we get

c nmat | nux
y(x,t) = Z A, cos sin ..(6)
n=

! [

Now applying the boundary condition (iv) for (6), we get

2bx

)T
y®0) =9 2p0 -

!

l
f0r0<x<5
l
f0r5<x<l

2bx

iA . nmx I
n SULTITT b - x)
e 1

l
f0r0<x<z
l
forz<x<l

The above equation is Fourier Sine series.

2 l

2bx  nmx 2b(l—x) . nnx
f dx +f ] sin ]
0

R ——

R —

2

l
nmnx nnx\ 1z

4p —C0S —T— —sin T
e | e e
z () /L,
(1—x) —cos% —sin ——
12 ) S
z (T

dy nmta = nmat nma nmat\
= (—An )sm

nmnx

]

nmx
[

N
S —



. nml . nml
_@ i €os =7 sin >y
2|2 nn nm\?
j (7)
nml ni\ 1|
I €os =7 . sin >\ ||
-la-p|—=2 |- v )|
l I J
nm . N nm . N
_4b |1 [ —cos o —sin —- l cos —- . —sin —-
iz 2\ o (@)2 A U R (@)2
l I l I
[ . nm . nm
4p [Sin &= Sin == 8hl? nm
2 | nm\2 + nm\e | - 2t 2
7))

8b  nm
A, = 22 sin -

Substituting the value of 4,, in (6), we get

8b  nm nmat  nmx
y(x,t) = z sin — cos sin

n?m? 2 l l
n=1
8h~ 1 . nm nmat = nmnx
y(x,t) = = 1; sin —- cos —— sin —;
n=

5. Arod of length 20 cm has its ends A and B kept at temperature 30° C and 90° C
respectively until steady state conditions prevail. If the temperature at each end is then
suddenly reduced to 0° C and maintained so, find the temperature distribution at a distance
from A at time t.

Solution:
The equation of heat flow is

ou Zazu .
at—a axz'"()

When the steady state conditions prevail the temperature function u(x, t) is independent
of time t. Hence (1) becomes

0%u _0u 0]
dx? S ot

The solution for this equation is



u(x)=ax+>b..(2)

When the steady state condition prevails the boundary conditions are
a) u(0) = 30

b) u(20) =90

Applying boundary condition (a) in (2), we get

u(0) =30=b =30

Applying boundary condition (b) and put b=30in (2), we get

u(20) =90=0a20+30=90=>a =3

Substituting the value of a and b in (2), we get

u(x) =3x+ 30
In the steady state, the temperature function is

u(x) =3x+ 30

Here the steady state is changed to unsteady state. For this unsteady state the initial
temperature is given by

u(x,0) =3x+ 30

The boundary conditions for the unsteady state are
DHu(0,t) =0,t >0
i) u(20,t) =0,t >0
iii) u(x,0) =3x+30,0 < x <20
The solution for the equation (1) is

u(x,t) = Ae‘azazt(B cosax + C sinax) ...(3)
Applying boundary condition (i) for (3), we get

u(0,t) = 0= Ae~2*e*tgp =0

B=0 [SinceA # 0 because if A=0=u(x,t) = 0]
Applying boundary condition (ii) and the value of B for (3), we get

u(20,t) = 0= Ade~2***tC sina20 = 0



sina20 =0 [SinceA # 0,C # 0 because if C = 0= u(x,t) = 0]

20a =nn
_nm
“=20

Substituting the value of B and a in (3), we get

_ n2nla’t nmx
u(x,t) = Ae” ~ 400 C sinﬁ (4

By putting AC = A,, in (4), we get

_ nlnla’e niwx
u(x,t) = A,e” ~ 400 sinﬁ ..(5)

The most general form of (5) is

n?ma’t niwx

u(x,t)=ZAne_ 400 sin% ... (6)
n=

Applying boundary condition (iii) and the value of B for (6), we get

- nmwx
u(x,0) = 3x+30=>ZAnsinE= 3x +30 for 0 <x <20
n=1

The above equation is Fourier Sine series.

20
A, = 2 f(3 +30) si nT[xd
n =55 X sin 5 X
0
_cos X sin TIX 20
_ 20 | _ 20
=70 (3x + 30) 3 3 (ﬂ)z
20 20 0
1 cos nm20 sin nm20 0
B 20 20 —CosS
= 5|30 +30) T - — 5 |- GO |
20 (35) 20
1 —cos nm -1 30(20)
=—190| —— | - B0 == || = -3(-D"+1
10 nm (30) nm 10nm [=3¢-D"+1]
| 20 20




Substituting the value of 4,, in (6), we get

60 Zn2q? nmwx

ulx, t) = z —[1—-3(—=1)"]e” ~ 400 sin——
— nm 20

60 % 1 nla’t  nmx

uCx,t) = —Z—n —3(=1)"]e” A0 sin ==~
T n 20

6. A string is stretched between two fixed points at a distance 21 apart and the points of the
string are given initial velocities v where

cx
— n0<x<l

_ l
V=19c¢
T(Zl—x)inl<x<2l

x being the distance from an end point. Find the displacement of the string at any time.
Solution:

The displacement y(x, t) from one end is governed by the partial differential equation

0%y %y
— 42
W =a ﬁ (1)
The boundary conditions are
)y(0,t) =0,t>0
i) y(2l,t) =0,t >0
iii) y(x,0) = 0,0 < x < 21
cx
— n0<x<l

. (0y

9y _ l
w) <0t>(x10) B

c
T(ZZ—x) nl<x<2l

By the method of separation of variables we get three possible solutions for (1). They are
I)y(x,t) = (At + B)(Cx + D)

I y(x,t) = (Ae~* 4+ Be®)(Ce ™™ + De™)

111) y(x,t) = (A cos aat + B sin aat)(C cos ax + D sin ax)

The solution Ill is suitable for (1). Since the solution Il is periodic in t and it also satisfies all
the boundary conditions.



Now applying the boundary condition (i) for solution Ill, we get

y(0,t) = 0= (A cos aat + B sin aat)C =0
~C=0 because A cosaat + B sinaat + 0
[IfA cos aat + B sinaat =0 = y(x,t) = 0]

Now applying the boundary condition (i) and put € = 0 for solution Ill, we get

y(2l,t) = 0= (A cos aat + B sin aat)D sin 2al = 0

nm
sin2al=0=>2al=n"n=>a0=— 51

Acosaat + Bsinaat # 0and D # 0
Since A cos aat + B sinaat =0and D =0 = y(x,t) =0

Substituting a = % and C = 0 in solution IIl, we get

y(x,t)=( )D nm .(2)

By putting AD = A,, and BD = B, in (2), we get

nmat nmat nmx
y(x, t) = (An cos —— + B, sin T ) sin ——...(3)

The most general form of (3) is

[o¢]

nmat nmwat nix
y(x, t) = Z (An cos T+Bn sin 5] ) sin T .(4)

n=1

Now applying the boundary condition (iii) for (4), we get

nmnx

y(xO)—O::»ZA sin —— T =0

2hy =0

Substituting 4,, = 0in (4), we get

( t)—iB . nmat | nnx .
y(x,t) = 4 n I —7— sin — ..(5)




dy i B nma nmat = nmx 6
Fri 4 Y cos 51 sin 51 ...(6)
Now applying the boundary condition (iv) for (6), we get

cx
— n0<x<l

(63/) _ l
—)c
0t/ (x,0) T(Zl—x) inl <x <2l

cx
— in0<x<l

i . nmx I
4 sm T

l(2l—x)inl<x< 21
The above equation is Fourier Sine series.

!

nwca 2 X nwx

TR fT in—dx+jl(2l—x)sm—dx
0

21

=0 lfxsm—dx+f(21—x)sm —ldx

nmx nmwx
_c €cos 7 A sin =7
e g nm\?
21 (1) /L,
cos L —sin nix ”
21 21
+ (Zl - X) i — (—1) <T
21 () /],
[' nl nml
_£| l ~C0S HT _ —sin ST
~ 12| nm T\ 2
L\ =z (70)

21

[ nm . nm nrl , nn]
c | —C0s & —sin —- —C0S >T —sin -\ |
=z||\ ) T e )| T T OO
21 (1) 2 (71)



. nm . N
_c sm7+sm7 B 8cl? nm
P (n_n)z (n_n)z Tzt
21 21
B nma 8¢ nm
"ol T ettt
B — 16¢cl @ nm
n T et

Substituting the value of B, in (5), we get

—_— — Sin — sin——— sin
an3m3 ] n3 2 21 21
n=

16¢cl - 1 nm nmwx narmt
y(x,t) = Z

7. Solve the problem of heat conduction in a rod given that

262u _ou

® dx2 ot

(i) uis finiteast - o
. 0u
(i) a=0forx=0andx=l,t>0

((iDu=Ix—x?fort=0,0<x <L
Solution:

The equation of heat flow is

0°u _ Ou

ER———
a’ o7 =G (D

By the method of separation of variables we get three possible solutions. They are
Du(x,t) = A(Bx + C)

I u(x,t) = Ae®*@*t(Be—ax 4 Ce®™)

I u(x,t) = Ae‘“zazt(B cos ax + C sin ax)

Applying the boundary condition (i) for all the possible solutions we get solution Ill is
suitable because it only satisfies the boundary condition (i)

Differentiating solution Il partially with respect to x, we get



ou 2,2 ,
P Ae~*"*"t(—aB sin ax + aC cos ax) ...(2)

Now applying boundary condition (ii) when x = 0, we get

au_o — 0
Fvl for x =

Ae="**tqC cos ax = 0
C=0 [Since A # 0]
Now applying boundary condition (ii) when x = [ and put C = 0 in (2), we get
Ae~****t gB sinal = 0

sinal=0=>al =nn

Substituting the values of a and C in solution Ill, we get

nZTL'ZUCZt nmx

u(x,t) =Ae 7 (B cos T) ..(3)

By putting AB = B,

n27[20(2t nix

u(x,t) =B,e * cos - (4)

The most general form of (4) is

> _ nlnla?t nmx
u(x, t) = Z B,e 12 cos - (5
n=0

leﬂ.'zazt TT.

_ X
u(x,t) = By + Z B,e 1z cos - (6)
n=1

Applying boundary condition (iii) in (6), we get

u(x,0) = Ix — x?, 0<x<l.

nmx
Ix —x? =B, + BncosT

n=1

.« . . . a
This is Half range Cosine series where By = 70



f(lx —x%)cos ?dx

. nmx nIx niTx
2 sin T —CO0S T —Sin T
= 7| T | B e [F O
i (7) ) /],
2 —cos ngt 1
_Zl_g_ - _
e ) ey
l l
2| [ —cosnm -1 212
271 nmwx\? @ nmx\? nnz[ D" -1]
(*T) (°T)
412
B, ={~ 77z if nis even
0 if nisodd

Substituting the values of By and B,, in (6), we get

- 4l2 _n’rfa’t  ppy
u(x, t)_—+ Z 7 cos -

n=24,.

® 2.2 2
12 412 1 _nrla’t nmx

6 2 2 e coS

8. A tightly stretched flexible string has its ends fixed at x = 0 and x = [. Attime t = 0, the

string is given a shape defined by f(x) = kx?(l — x), where 'k’ is a constant, and then
released from rest. Find the displacement of any point ‘x’ of the string at any time t > 0.

Solution:

The displacement y(x, t) from one end is governed by the partial differential equation



The boundary conditions are
i)y(0,t) =0,t>0

iy(l,t)=0,t>0

o (OY _
i) (== =0, 0<x<l
at (x’O)

iv) y(x,0) = kx?(l — x), 0<x<l

By the method of separation of variables we get three possible solutions for (1). They are
I)y(x,t) = (At + B)(Cx + D)

I y(x,t) = (Ae™*" + Be®)(Ce ™™ + De™)

I11) y(x,t) = (A cos aat + B sin aat)(C cos ax + D sin ax)

The solution Il is suitable for (1). Since the solution Il is periodic in t and it also satisfies all
the boundary conditions.

Now applying the boundary condition (i) for solution Ill, we get
y(0,t) = 0= (A cos aat + B sin aat)C = 0
~C=0 because A cos aat + B sinaat # 0
[IfA cos aat + B sinaat = 0 = y(x,t) = 0]
Now applying the boundary condition (i) and put C = 0 for solution Ill, we get
y(,t) = 0= (A cos aat + B sin aat)D sinal = 0
nm

Sinocl=O:>al:nn:>a:T

Acosaat + Bsinaat # 0and D # 0
Since Acos aat + Bsinaat =0and D =0 = y(x,t) =0

Substituting a = ? and C = 0 in solution IIl, we get

nmat

y(x, t) = (A cos @ + B sin T) D sin # - (2)

By putting AD = A,, and BD = B, in (2), we get



nmat nmat nwx
y(x,t) = (An cos )

] + B, sin I sin 7 3)

The most general form of (3) is

[oe]

nmat nmat nmx
y(x, t) = Z (An cos — + B, sin l ) sin - - (4)

n=1

dy - ( nma nnat_l_B nma nnat) . nmx c
FTi , n lsm ] n ] cos ; sin i ..(5)

Now applying the boundary condition (iii) for (5), we get

[oe]

dy nmwa . nux
(—) =O=>ZBn—Sm—=O
0t/ (x,0 l l

~B,=0
Substituting B, = 0in (4), we get

rat nmnx

c n
y(x,t) = Z A, cos l sin T (6)
n=1

Now applying the boundary condition (iv) for (6), we get

nmx
y(x,0) = k(Ix? — x3) = z A, sin 7N = k(lx? — x3)
n=1

The above equation is Fourier Sine series.

l
2 ) 3\ . NIX
Anszk(lx —x)sdex
0

nmx ., nnx nix
2k 5 3 —CoS I 5 —Ssin I coSs T
:T (lx —X) T —(ZZX—BX) (TL_T)Z +(2l—6X) W
L ! [
., Nnnx !
sin I




nrl . nml nml
si

2k —C0S —T— —Ssin T €os T
=—|C-B)|—m—|-Q@1*-31)| ——F |+ (2l -6D)
I nm ni? nm?
z (7) (7)
—(—6) LﬂTnl —%-0—0+(21—0) cos 0 —(=6) sin 9
) 3 4
ColI (7) (7)
k 1
ey ) \e)
4k13

Substituting the value of 4,, in (6), we get

o 4k nmwat _ nmnx
y(x,t)=2—m[2(—1) + 1] cos T Sin—

n=1

4kI3 ~ 1 nmat nix
y(x, t) = —— [2(=1)™ + 1] cos sin
3 ] l l
n=

n3

9. The ends A and B of a rod 10 cm long have the temperature 20° C and 40° C until steady
state prevails. The temperature at A is suddenly raised to 50° C and at the same time that
at Bis lowered to10° C. Find the temperature at the midpoint of the rod remains for all
time, regardless of the material of the rod.

Solution:

The equation of heat flow is

ou 0% .
E— a ﬁ( )

When the steady state conditions prevail the temperature function u(x, t) is independent
of time t. Hence (1) becomes

0%u _O0u O]
dx? C ot

The solution for this equation is
ux) =ax+>b..(2)
When the steady state condition prevails the boundary conditions are

a) u(0) = 20



b) u(10) = 40
Applying boundary condition (a) in (2), we get

u(0) =20=>b =20

Applying boundary condition (b) and put b=30in (2), we get

u(10) =40=0a10+20=40=>a =2

Substituting the value of a and b in (2), we get

u(x) = 2x+ 20
In the steady state, the temperature function is

u(x) = 2x + 20

Here the steady state is changed to unsteady state. For this unsteady state the initial
temperature is given by

u(x,0) = 2x + 20
The boundary conditions for the unsteady state are
i) u(0,t) =50,t >0
i) u(10,t) =10,t >0
iii) u(x,0) =2x+20,0<x <10

The boundary condition (i) and (ii) are non zero, the solution for (i) is not applicable until the
boundary condition (i) and (ii) becomes zero.

For,
Let u(x,t) = ug(x) + up(x,t) ... (3)

where u,(x) is the solution of (1) and is a function of x alone and satisfying conditions
us(0) = 50 and u,(10) = 10 and u,(x, t) is a transient solution satisfying (3) which
decreases as t increases.

us(x) =cx+d..(4)
uy,(0) =d =50
u,(10) = 10c + d = 10...(5)

Substituting the value of d = 50 in (5) we get



10c+50=10>c=—4

Substituting the value of c and d in (4) we get
us(x) = —4x + 50 ... (6)
u,(x, t) = ulx, t) —us(x)..(7) from(3)

Now applying boundary conditions (i), (ii), (i) and u;(0) = 50,u,(10) = 10 and (6) in (7),
we get the boundary conditions for u,(x, t) which is the transient solution of (1).

iv) u,(0,t) = u(0,t) —u,(0) =50-50=0
v) 14, (10,¢) = u(10,t) — u,(10) =10 — 10 = 0
vi) u,(x,0) = u(x,0) —ug(x) = 2x + 20 — (—4x + 50) = 6x — 30,0 < x < 10.
The solution for the equation (1) for u,(x, t) is
u(x, t) = Ae‘aZ“Zt(B cosax + C sinax) ... (8)
Applying boundary condition (iv) for (8), we get

u,(0,6) = 0= Ae2’¢’tp =0

B=0 [SinceA # 0 because if A=0=>u(x,t) = 0]
Applying boundary condition (v) and the value of B for (8), we get

1, (10,t) = 0=> Ae~%***tCsina20 = 0

sinal0 =0 [SinceA # 0,C # 0 because if C = 0= u(x,t) = 0]

10a =nm

nm

a = E
Substituting the value of B and a in (8), we get

n?ma’lt nmwx

u,(x, t) = Ae” ~ 100 Csinﬁ...(9)

By putting AC = A,, in (9), we get

_ n?rlalt niwx
u,(x,t) = A,e” 100 sinw ..(10)

The most general form of (10) is



nlma’t nmwx

ut(x,t)=ZAne_ 100 sml—0 - (11)
n=1

Applying boundary condition (vi) and the value of B for (11), we get
nmx
u,(x,0) = 6x—30=>ZAn sinw= 6x —30 for 0 <x <10

The above equation is Fourier Sine series.

A—Zj(é 30) sin 24
" =15 x sin x

10
. cos X sin TTX 10
_ - _ 10 ) _ 10
=z (6x —30) TS (ﬂ)z
10 10 0
" [ cos nml0 " nml0 0
B 10 10 —cos
= c (6(10) — 30) — |~ 6 py— - (-30) 5
| 10 (1—0) 10
1 —cos nm -1 30(10)
=< (30— |~ (-30) | 7z e [-(=D"~1]
10 10

60 - @ if niseven
4 I [1+(-D"] = { nm
0 if nisodd

Substituting the value of 4,, in (11), we get
120 _ nPr?a’t  nmx

u(x, t) = Z - —e 100 sin——
e nmw 10
n=2,4,...

120 ©
oD == o Z
2,4

n=

n2wlg2t

nmx 12
- 100 sin 10 .. (12)

3|'—‘

Substituting the value of u, (x, t) and u,(x) in (3), we get

120 -
u(x,t) = —4x+50— — Z
T n=24,..

272 zt . nmx
SIn——
10

Slb—‘



10. The boundary value problem governing the steady state temperature distribution in a
flat, thin, square plate is given by

Ou U cx<a0<y<
=0, X a, a.
ox? = 0y? y
X
u(x,0) = 0,u(x,a) = 4 sin® (7),0 <x<au(,y)=0ul(ay)=00<y<a

Find the steady state temperature distribution in the plate.
Solution:
The two dimensional heat flow is given by

62u+62u_0 .
dx2 = Qdy? - (D)

The boundary conditions are
Du(0,y)=0,0<y<a
iDu(a,y) =0,0<y<a

i) ulx,0)=00<x<a

X
iv) u(x,a) = 4 sin® (?)'O <x<a

y
A
X
- .3 (21
u=4sin (a)
y=a
x=0
xX=a
u=20 u=0
» X
y=0
u=20

The possible solutions are
Du(x,y) = (Ax + B)(Cy + D)
1D u(x,y) = (Acos Ax + Bsin Ax)(Ce™ + De™)

1D u(x,y) = (Ae™ + Be**)(Ccos Ay + Dsin y)



The suitable solution for (1) which satisfies all the given boundary conditions is
u(x,y) = (Acos Ax + Bsin Ax)(Ce™ + De?) ...(2)
Applying boundary condition (i) in (2), we get
u(0,y) = (Acos A0 + Bsin 10)(Ce™ + De?) = 0
A(Ce™ +DeM)=0=>A=0["(Ce™ +De?) = 0]
Applying boundary condition (ii) and substituting A = 0 in (2), we get
u(a,y) = Bsin Aa(Ce ™ + De?) =0

sinia =0+ (Ce™ + De®) #0,B # 0]

nm
la=nrt=>1=—
a

nm
Substituting A=0and A = Py in (2),we get

nmy

nmx
u(x,y) = Bsin T(Ce_ a + De a) .(3)

Applying boundary condition (iii) in (3), we get
nmx (  _ n0 0
u(x,0) = Bsin T(Ce a +De a >=0
nmx nmx
Bsin —(C+D)=0=C+D = 0|+ sinT¢O,B¢O]=>C=—D

Substituting C = —D in (3),we get

nmwx nay. ny . nmx _ nmy niy
u(xy)—Bsm—( De” "a 4+ De a )=BDSln—(—e a +e a
a a
nmwx nmy
u(x,y) = 2BDsin Tsmh —...(4)

Put B, = BD in (4),we get

nmwx
u(x,y) = 2B,sin Tsmh —...(5)
The most general form of (5) is

u(x,y) = z B, sin —Smh ..(6)

Applying boundary condition (iv) in (6), we get




[o/e)
. nmx . . nma 5 (TX
u(lx,a) = B,sin —— sinh —— = 4 sin (—)
a a a

n=1
(00}
, . nmx 5 (TX
B,sinh nm sin — = 4 sin (—)O <x<a
4 a a
n:

) . TX ) - 2mx ] - 3nx . mXx - 3nx
Bysinh msin > + B,sinh 2msin e + B3sinh 3m sin e + - =3sin = sin e

nmwx
Equating coefficients of sin " n = 1,2,...on both sides of above equation

Bisinhm=3= B, = sin3h7r
B3sinh3m = —1= B3 = — ;
sinh 3m
B, =0,n#13
Substituting the values of By, B3, B, in (6),we get
ulx,y) = > sin Esinh oy _ ! sin i sinh 31y

sinhm a a sinh 3w a



UNIT-V

Z-transform

Z-transform:

The two sided Z-transform F(z) for a sequence f(x) is defined as

F@= ) [z

n=—oo

The one sided Z-transform F(z) for a sequence f(x) is defined as

F@) =) f@a
n=0

Z-transform of 1 or u(n):

Z[1] = i 1.z7"

n=0
1 1
=1+E+Z_2+_3+
1 -1
(o
e
Z
< if lz| >1

Z-transform of a™f (x):

Zla*f () = ) a"f)z

n=0

=S

z , = .
=F [E] [Smce F(z) = ;f(x)z ]

Z-transform of %:
11 v 1 o 1
2| H=Y Lo Ly
n! n! n!
n=0 n=0

ez

Z—l N (Z—1)2 N (Z—1)3 L.

=1+ 21 31
o3)-o-
n!



1
Z-transform of —n > 1:

1 z‘” 1
Z [_] - _Z_n
n n
n=1

Sl
oz 272 328

=1 (1 1)' |1|<1
= —log Zle

= log( z ) if lzl > 1

z—1
First shifting theorem in Z-transform:
Statement:

If Z[f(t)] = F(z) then prove that Z[e *f(t)] = F(ze®)
Proof:

[ee]

Zle= f@] = ) e f(nT)z ™

n=0

=) f@r)Ee )™
n=0

= F(ze) [Since F(z)= ) f(nT)z™
Z-transform of nf (t) if Z[f(t)] = F(2):
F@) =Z[f©] = ) f@T)z™
n=0

Differentiate both sides w.r.t. z7 1.

= X
= D n = =20 0]
dF
Zinf(©)] = 22

Second shifting theorem in Z-transform:
Statement:

Let F(z) = Z{f (n)} then

e



Z{f(m+k)} =2* [F(2) = £(0) — 271 f(1) — 272f(2) — -+ — f(k — 1)z=*D)]
Proof:
Z{f(n+k)} =20 f(n+k)z™"..(1)

Multiplying and dividing by z* in R.H.S of (1), we get
=25 ) fln+ )z
n=0

= zZF(f)z=" + f(k + Dz~ *+D + fk + 2)z7¢+D 4 ...

= zk (Z fM)z™—f0)—f(zt—fR)z72 - —f(k - 1)2_("_1)>
n=0

[Since Y Fmz = FO) + fFW7 o flk = DD 4 £z 4 -
n=0

Z{f(m+k)} =z [F(2) = f(0) =271 f(1) = 272f(2) — -+ = [k = Dz~ D]
Initial and final value theorem in Z transform:
Initial value theorem:
Statement:
If Z{f(t)} = F(z) then

lim F(z) = f(0) = 1ti_r)51f(t)
Proof:
F@) =2{f©}= ) fD)z "
n=0

F(z)=f0)+z 'f(AT) +z72fQ2T) + z  3f(3T) + ---

Taking limit z = oo on both sides, we get

ZlLr?OF(Z) =le_)r(r>1o [f(0)+z 1f(AT) + z=2f(2T) + z73f(3T) + -]
le_)l‘g F(z) = f(0)

Final value theorem:



Statement:
If Z{f (t)} = F(2) then

lim(z ~ 1)F(2) = f (o) = Jim £ (0

Proof:

[oe]

Z(FE+T) = O} = ) (FT +T) = f(n) 27"

n=0

2+ = Z(F O} = ) (F((+ VD) = fGD) 27"
n=0

2F(2) = 2£ (0) = F(2) = ) (F((n + D)T) = f@aT)) 2"
n=0

[Since Z{f(t + T)} = 2F (2) — zf(0)]

Taking limit z = 1 on both sides, we get

lim [(z — DF(2) = 2f(0)] = lim [Z (f(n+DT) - f(T))z""
lim [z = DEG) = 2f ()] = ) lim(f((n+ DT) = (7)) 27"
n=0

lim (2~ DF() - £(0) = Z(f((n +)T) - f(T))

n=0
lim (z— DF(2) — £(0) = f(T) — (0) + F2T) = (1) + f(3T) ~ F(2T) + -~
lim (z = 1)F(2) = f(0) = f(e0) — £(0)

lim(z -~ DF(2) = £(e0) = lim (8

1. Prove that

[_

1)

Solution:



Z[niJZZ(nJlrnz_n

1
—-1<1

)

X2 %3yt
ISincex+7+?+Z+--- =—log(1—x),|x| < 1]

1 z—1
=—Zlog<1—g>=—zlog( )l |<1

Z[— = Zlog(L),|z| >1

[Since _1 (%) — log (g)]

2. Find the Z-transform of

Fn) = 2n+ 3
i (n+1(n+2)
Solution:

2n+ 3 A B

(n+1)(n+2):(n+1)+(n+2) - (D)

2n+3=An+2)+Bn+1) ..(2)
Putn = —2in (2),we get

2(-2)+3=A(-2+2)+B(-2+1)

—1=-B=B=1
Putn = —1in (2),we get
2(-1)+3=A(-1+2)+B(-1+1)
A=1

Substituting A = 1 and B = 1in (1),we get



2n+3

1 1

n+1(n+2

)=(n+1)+(n+2)

2n+ 3
{(n +1(n+2)

=Z{(ni1)}+z{ﬁ}

”MS

=—zlog(1—z1) +z%(-log(1—z"1) —z71),

}zz{(nil)—l_(nj-Z)}

[By linear property]

P

4

x2 3 x
; 4T 4 = 2]oo(l - 1
lSlncex+ > + 3 + 2 + og( x), x| < l

=—zl (1 1>+2
= —zlog . A

z—1
()

Z{(n +2;l)-(|_n3+ 2)} -

3.Find Z{n (n—1)a™ u(n)}

Solution:

ZlIn (n—1a"un)] =2

=Z{ n®a® u(n)} - Z{ na®

=[2{n%)], .. —[z{n}], 2

1
(—log (1 = E) — Z_l), |z > 1

z—1
— z? (log (T) + Z_l), |z] > 1

Z[1+(1+Z) log(Z;—1>],|Z| >1

[ n%2a™ u(n) — na™ u(n)]

u(n)} [By linear property]

[Since Z{ a" f(n)} =[Z{ f(n) }]Z_%

I(iz—-l_l;gl [(Z —Zl)z]z_%

(Since Z{ n?} = —ZiZ{ n}

dz



B (z-1)21-2z(z—-1)
Zdz [(z - 1)2] —Z (z—-1)* l
3 (z—-1) -2z 1-z z(z+1)
-7 (z—-1)3 l B [(z - 1)3] (z — 1)3>
a5 )
3 2
E-11 1G-1)
_az(z+a) az az? + a*z —az(z — a)
T z-a)? (z-a)? (z—a)3
_az’+a’z—az’+a’z
(z—a)?
B 2a%z
~(z—a)
4. Using convolution theorem find
-1 Z
(z + 2)2

Solution:

[(z + Z)Zl [(Z +2)(z+ 2)]

Z V4
Let F(Z) = m and G(Z) = (ZTZ)
F) =2 F @) = 27 | ] = 2
V4
9 =276 = 27 [ 5] = (-2

2@ 6@ = ) fn - Kg(k)
k=0

= i(—zw—k(—zv = i(—z)n
k=0 k=0

= (=2)" Z 1=(-2)"[1+1+1+--(n+ 1)times]
k=0



-1 ZZ n

5. By the method of partial fraction find

et
(z+2)(z%2+4)

Solution:

Z2

(z+2)(z2+4)

Let F(z) =

F(z)_ z A +Bz+C
z  (z+2)(Z2+4) z+2 z2+4

z=AZ*+4)+ Bz+C)(z+2)..(1)

Putz = —2in (1),we get

—2=A(4+4)=>4= -

NI

Equating coefficients of zZ in (1) on both sides
1
A+B=0>B=—-A>B= 2
Putz = 0in (1),we get
1
4A4+2C=0>2C=—-44 > sz
Substituting the values of A,B and Cin (i), we get

1 1 1
F(z) z —Z 227t3

= = +
z  (z+2)(ZFF+4) z+2 244

F(z) = 1 2z +1 z2 +1 z
T A 2 a2 +4 2 22+4

1 z? 1 1 z 1 2z 1 z
Z =7 - = +— +—
(z+2)(z%+4) 4z+2 4z72+4 2z72+4

z? -+EZ_1[ z ]

= - 1Z—l[ i ]+lz—1

4 z+21 4 z2+ 4] 2 72 + 4
1. 2 1, 2 |1 1 I 2z
=- 2~z —|+-z" | +-z- [ 2]
4 z+21 4 z2+2%| 4 7242




_ 1 . 12n nm
(—)+4()c052

+12n_n7r
= - = - sin—
2 2@

2

Z2

7% + a?

az "
= a"sin—
z% + a? 2

nm 9 nm
= a"cos— and Z [ ]

. Z_l
lS ince >

6. By the method of residues find

z-1 z
(z-1%(z-2)

Solution:

73

(z-1)%*(z-2)

Let F(z) =

To find poles:

(z-1)*(z-2)=0>2z=1,1,2

The poles are z = 1 which is of order two and z = 2 which is of order one

Zn—lz3 Zn+2

Rl ey oy ey s Sl gy gy

Residue at the pole z = 1 of order two R;

d
— 15 _ 2 n—1
= lllr} iz (z—1)*z"'F(2)

d 5 Zn+2
=lIm -V =2

i d z"*+2 s (z—=2)(n+2)z"*1 — zn+2
_zl—rgdZ(Z—Z)_zl—r)rll (2_2)2

(1 =2)(n+2)1"H — 1 H2

5 =—(mn+2)-1=-n-3
(1-2)

Residue at the pole z = 2 of order one R,

= lirrzl(z —2)z"1F(2)
VAl

Zn+2
= lim(z — 2
Jim(z = 2) = 12(z—2)
n+2
= lim—— = n+2

~2(z —1)2




= sum of residues

Z71 z
(z—1*(z-2)

n—3+ 2?2

Z—l 23 —
(z-12(z-2)|

7. Using convolution theorem find

Z1 z
l(z - 1(z- 3)]

Solution:
~ z? ~ z z
g 1[(2—1)(2—3)l =Z 1[(z—l)(z—S)]
Let F(z) =Zi1 and G(z) =£
F) = 27 F(2)] = 2 [%] = 1or u(n)
gy =2 6@ = 27 =] = 3"
ZF@.6@] = ) f—k)g(o
k=0
=Z1.3k=1+3+32+33+---+3”
k=0
_3n+1_1 g . , ; . _xn+1_1 1_xn+1
=3_-71 Imce +x+x°+x°+ -+ x"= -1 7 1%

Z—1 Z2 B 3n+1 -1
I(z —1(z- 3)] 2

8. Find the inverse Z-transform of

z(z+1)
(z—-1)°

Solution:

z(z+ 1)

Let F(Z) = m



zZ"(z+ 1)

SN

To find poles:
z—-13=0=>z=1
The pole is z = 1which is of order three

Residue at z = 1is of order three R;

1 d?

— — — n-—1

= hm1 172 (z 1) z"'F(2)
1 d? 2"(z+1

= —lim— (z — 1)3—( )
22—>le2 (Z— 1)3

_1 o d 1. d> d 1
llm an(z +1) =z hm — (Z" + Z”) = - hm —((n + 1)z" + nz" )

1 1 _ 4
=5 lini(n(n + Dz T+ n(n—1)z"2) = E(n(n +D1" L4 nmn—-1)1" 2)

=%(n(n+1)+n(n— 1)) = n?

[ (ZH)] S O Ul resid
-1 um of all residues
[zz+1)1
(z—-1)31
9. Find the inverse Z-transform of
z(z+2)
z2+2z+4
Solution:
z(z+2)
LetF@) = oz a
z"(z+2)
n-1 — _
2" F(2) z2+2z+4

The polesare z = —1 + iv3,—1 — iv/3 are of order one

Residue at the pole z = —1 + iv/3 of order one R,



= lim \/g(z — (=1 +iV3)z"'F(2)

z— —=14+i

z"(z + 2)
(z - (-1+iV3)(z— (-1 -iV3))

= lim ﬁ(z —(-1+iV3))

z— —14i

) "(z+2) (-1 +i3)"(-1+iV3+2)
o143 (2 — (—1— iV3)) (=1 + V3 — (-1 - iv3))

1+ EHY) . (C1+ 3N VE 4
B 2iV3 - 23

C(-1+i3)' 3-D)
Bl 23

Residue at the pole z = —1 — iv/3 of order one R,

= lim vg(z — (-1 =iV3)2""'F(2)

z—>—-1—1

z"(z+ 2)
(z— (=1+iV3)(z— (-1 - iV3))

= lim ﬁ(z — (-1 -iV3))

z—»—-1-1

_ "(z+2)  _(~1-i3)"(~1-iW/3+2)
Ttz (-1 V3)  (C1- V3 - (—1+V3))

_(F1-i3)" i3+ (-1- iV3)" (=iv3 + 1)

—2iV3 2V3
(-1-i3) B+
4 2V3
s Z(Z—-I_Z) =S 1l id
2744 = Sum of all residues

2(z+2) | (-1+3)"(V3-1)  (-1-i3)"(3+0)
z2+2z+4| 23 * 2V3

-1

10. Find the inverse Z-transform of

z2 -3z
(z+2)(z-5)
Solution:
z2 -3z
Let F(z) =

(z+2)(z-5)



2
2" 1F(z) = 271 2" — 3z 2z ~3)

(z+2)(z—=5) (z+2)(z-5)

To find poles:

(z+2)(z—=5)=0=>z=-2,5
The polesare z = —2,5
Residue at the pole z = —2 of order one R;

= lin_lz(z +2)z2"1F(2)

z"(z —3)

=i, G+ =

. 72"(z=-3) (—2)”(—2—3)_§ N
AN Gos T (—2-5 7P

Residue at the pole z = 5 of order one R,

= lirr%(z —5)z" 1F(2)

z"(z—3)
(z+2)(z-5)

= lim(z — 5)
z—5

D= _56-3) 2
—A25 z+2) (GB+2) 7

57’1

h z? -3z ,
zZ71 m = Sum of all residues

=7 7

Z—l

7% — 3z
(z+2)(z— 5)]

11. Find the inverse Z-transform of
z(z% — 1)
(z2 +1)2
Solution:

z(z%> — 1)

Let F(Z) = m

z"(z% - 1)

2@ = Gy

To find poles:



(zZ2+ 1) =0>z=—1,i

The poles are z = — i, i of order two
z"(z% -1
() = D
(z+D*(z-1)
Residue at the pole z = — i of order two R,

— i d N2 n-1
= llm‘dz(z+l) z" ' F(2)

Z—>—1

zZ"(z*> — 1)
(z+ i)’ (z—0)*

d
= lim —(z+ i)2

odzv(z*-1) . dz'?— 7"
= 11m_——2= lim — >
z-—idz (Z—i) z—>—idz (Z—i)

y (z — i)* ((n + 2)zn1 — nz”‘l) — (2% — 7")2(z— )
= lim

zo—i (z—i)4

(—i—)° ((n +2) (=)™ - n(—i)"_l) — (=)™ — (=)™ 2(=i— 0)
B (—i—i*

(=20 ((+ 2)(=0"" = n(=)"") = (=0 = (=")2(-2D)
) (-20)"

—4 ((n +2)(=0)" = n(—i)"_l) — ((=D)™2 — (—))2(~20)
16

— ((n +2)(-D)" - n(—i)"‘l) = (=" = (=p™1)
4

- ((n + (=)™ - n(—i)"_l) — (=)™

4
n+ 1) (=) — n(=i)71) + (-i)3
— e (A DED = nDT) + (D)
4
B ( nm ,_nn)(—ni—i—ni)+i
= —(cos— — i sin— y
B ( nm ,_nn)(—Zni)_,n nn+n_nn
= —(cos—— i sin— 1 = lpcos—-+ osin—

Residue at the pole z = i of order two R,



= hm—(z— 0)*z"1F (2)

Z—)l

_ w2 Z'(z2-1)
= lim —(z—1) 5 5
z>idz (z+1)*(z—10)
dzZ"(z*-1) . dz"*?— 7"

—hm——:hm—
2>idz (z+410)°  idz (724 0)°

(z+ i)2 ((n + 2)zt1 — nz”_l) — (22— 7)2(z+ 1)
= lim —
zo i (z+1)

(i+0)° ((n I NO n(i)”_l) — (™2 = @20+ D)

(i+0*

(20)? ((n +2)(@)" - n(i)"_l) — (™2 = ))2(20)
) @i’
4 ((n N0 n(i)"_l) — (™2 = )™)2(20)
16

_ ((n + 2 = n(i)"_l) — (™3 — @™+
)

(@ + D™ = n ") - @3
N 4
((n+ D@ - n(O) + @
4

-@"

( nm TlT[)(Tll+l+‘nl)—l

COS7+ [ sm7 4

( nn+ _ nn)(an)_ n nn+n . nm
cos lsm2 4 = ipcos—-+ osin—

Z(Z -1

(22 12 = Sum of the residues

N nct n nn+ n  nm
—l cos— —sm— —i=cos—+ —sin—
2 2 2 2 2 2 2 2

L[2E@E =D nm
@+ 02|



12.Find Z~ l( — 1)2(2 Z)l by partial fraction method
Solution:
3
z
Let F(z) = Z-D2z=2)
F(z) z* A B C

z (Z—1)2(Z—2) (Z—1)+(Z—1)2+(Z—2) - (1)
Az—1)(z-2)+B(z—-2)+C(z—-1)?2 =22 ..(2)
Putz = 1in (2), we get
B(1-2)=1=>B=-1
Putz = 2in (2), we get

C2-1)7=2°=>C=4
Putz = 0in (2), we get
A(-1D)(-2)+B(-2)+C(-1)?*=0

2A—2B+(C=0= 24+2+4=0=>24=-6=>A=-3

Substituting the values of A, B and C in (1), we get

F(z) -3 ~1 4
z _(z—l)+(z—1)2+(z—2)

3z A 4z

Flz) = - (z—1) (z—1)2+(z—2)

V4

71 z ) 3z
(z-1%z-2)| [_ G-1D G-Dz" (z—2)

= —3Z_1[(zi1) B Z_l[(z—zl)Z]Jr“_1 [(Ziz)

= 3()"— n+4Q"

Z—l

z
[(z—l)z(z—Z)l: -3-n+42)"

13. Solve the difference equation

y(n+3)—-3y(n+1) + 2y(n) = 0 given that y(0) = 4,y(1) = 0 and y(2) = 8.



Solution:
Let Z{y(n)} = F(2)
y(n+3)—3y(n+1)+2y(n)=0..(1)
Taking Z-transform on both sides in (1), we get
Z{y(n+3) - 3y(n+1) +2y(n)} = Z{0}
Z{y(n+3)} — 3Z{y(n+ 1)} + 2Z{y(n)} = 0...(2)  [By linear property]
Z{y(n +3)} = 2°F(2) — 2°y(0) — z*y(1) — zy(2) ... (3)
Z{y(n + 1} = zF (2) — zy(0) ... (4)
Substituting (3) and (4) in (2), we get
23F(2) — 23y(0) — 22y(1) — zy(2) — 3(2F (2) — zy(0)) + 2F(z) = 0
z3F(z) — 423 — z%(0) — 8z — 3(zF(2) — 4z) + 2F(2) = 0
(z3—3z+2)F(z) — 423 —8z+12z=0
(2 =32+ 2)F(z) = 42> — 4z

473 — 4z

F(z) = Z{y(n)} = B _3.7+2

473 — 47 ]

= Z_l _
y(m) [23 —3z+2

473 — 4z

LetF2) = 5 3242

473 — 4z _Az" (z2-1)

n—1 — n-—1
F = =
d (2) =z z3—3z+2 z3—-3z+2

To find poles:
23 -3z4+2=0=>z=-21,1
The polesare z = —2,1

47" (z% - 1) _Az" z+1D(=z-1)

R e R T M CES e )
- 42"z + 1)
S e 2T

Residue at the pole z = 1 of order one R



= lirrll(z - 1)z"1F(2)

4z"(z + 1)

=limGC-De e+ 2

_ A 4+ 8
N z+  (1+2 3

Residue at the pole z = —2 of order one R,

= liIPZ(Z +2)z"1F(2)

47" (z+1)  4(-2)"(-2+1) _ 4(-2)"

=0m oD T 2D 3
=z |2 ] g Il resid
y(n) = B 3,12 um of all residues

8 4(=2)"
y(n) —§+ 3

14.Solvey, ., + ¥» =2, =0,y =0
Solution:
Let Z{y(n)} = F(2)
yn+2)+yn) =2..(0
Taking Z-transform on both sides in (1), we get

Z{y(n +2) + y(n)} = Z{2}
Z{y(n+2)} — 4Z{y(n+ 1)} + 4Z{y(n)} = ZZTZl . (2) [By linear property]

Z{y(n + 2)} = z?F(2) — z%y(0) — zy(1) ...(3)

Substituting (3) in (2), we get

z°F(z) — z%y(0) — zy(1) + F(2) = ZZTZl

22F(2) — 22(0) — 2(0) + F(z) = ZZTZ1

2z

(Z2+1)F(Z)=Z_1

2z
z-1D(E2+1)

F(z) = Z{y(m)} =



y(n) =271 i
z-1D(=2+1)

2z
z-1D(z%2+1)

Let F(z) =

By Residue method:

2z _ 2z"
zz-1DE2+1D) (@E-DE2+1

Z"1F(z) = z" 71

To find poles:

z-DEZ2+1D)=0=2z=1,i,—i

The polesarez = 1,1, —i

2z™" _ 27"
-DE2+1) Z-DE+d)iEz-1)

7" 1F(2) =

Residue at the pole z = 1 of order one R;

= lirr%(z -1z 1F(2)

2z"

z-DE+Dz-10)

=lim(z - 1)
z-1

. 22" 2t 2 2
T GCIDGZ—D) A+0(-D) (-2 (d+1

Residue at the pole z = i of order one R,

= lim(z — i)z" " 'F(2)
Z—1

— lim( ) 2z"
T TV oD@+ -0
) 2z" 2i" 2i"
= lim N =7 TN 1o :
~>i(z—1Dz+i1) (G-DG+i) G-1)2i
it rH(=i-1) =ittt it 1
= — = — - = = —1 = —1
i-1 (-DEi—-1D 2 2 2
nwr o, . . nmw .
= > =-3 cos > sin 5 5 cos > sin >
Residue at the pole z = — i of order one R;

= lim (z+)z""'F(2)
Z——1



2z"

= Jim G+ )T e =0
2 2(=i)" 2(—i)"

= lim

meiz=DEz-10) (—i-Di-) (—i-1D(=20)
)"t =)t E-1) (=) = (=)

“Ci-) G(-DCEi-D 2
— (o + (i)t ( _)n1+i
= i 5 = l 2
nwr ., . nmw .
_ (COST—lSlTlT)(l-l-l)_ 1( nn+ _ nn) i( nm _ nn)
= 5 =-3 cos > sin > > cos > sin >

2
y(n) =271 [(z — 1)(222 n 1)] = Sum of all residues

) =1 1( nn_l_ _nn)_l_i( nr _nn) 1( TlTL’+ ,nn)
y(n) = S \cos— sin— > \cos— sin— \cos— sin=
- i(COSE— sinﬂ)
2 2 2
) =1 nt _ nmw
y(n) = cos > sin >
By Partial fraction method:
F(z) 2
z (z-1(z2+1)
2 A N Bz+C .
z-D(z2+1) z-1 ZZ+1"'(1)

2=A4Z*+1)+ Bz+CO)(z—-1)..(D
Putz = 1in(1),we get

2=A1+1)=4=1

Equating coefficients of z2 in (1) on both sides

A+B=0=>B=-A>B=-1

Putz = 0in (1),we get

A-C=2>C=A-2>(C=-1

Substituting the values of A,B and Cin (i), we get



F(z) 2 1 +—Z—1
z  (z-1DE*+1D z-1 2241

VA Z2 z

—1 z22+1 z2+1

F(z2) =

z 72 z]

_ 2z o
y) =2 1[(2—1)(22+1)]_Z 1[z—l_zz+1_zz+1

2
- []- o - o [

)= 1 nwt N
y(n) = cos—-—sin—

15. Solve the difference equation
y(n+2)—4y(n+1) +4y(n) = 0 given that y(0) = 1,y(1) = 0.

Solution:
Let Z{y(n)} = F(2)

y(n+2)—4y(n+1)+4y(n)=0..(1)
Taking Z-transform on both sides in (1), we get

Z{y(n+2) —4y(n+ 1) + 4y(n)} = Z{0}

Z{y(in+2)} — 4Z{y(n+ D} +4Z{y(n)} =0...(2) [By linear property]
Z{y(n + 2)} = 2°F(2) — 2°y(0) — zy(1) ...(3)
Z{y(n + 1} = zF (2) — zy(0) ... (4)
Substituting (3) and (4) in (2), we get
7°F(z) — z%y(0) — zy(1) — 4(zF (2) — zy(0)) + 4F(2) = 0
z2F(z) —z% — 2(0) — 4(zF(2) —z) + 4F(2) = 0
(2> —4z+4F(2) —z* +4z=0
(z*> —4z+ 4)F(2) =z° — 4z

7% — 4z

F(z) =Z{y(n)} = P p——I

72 — 4z ]

— 71
ym =2 [22—4z+4

72 — 4z

Let F@) = r 4z v 4



7% — 4z B z"(z—4)
72 —4z7+4 72 —4z+4

Z"1F(z) = z" 71

To find poles:

72 —474+4=0=22=2.2

The poles are z = 2 which is of order two

zZ"(z—-4) z"(z—-4)

n_lF = =
d (2) z2—4z+4 (z-2)?

Residue at the pole z = 2 of order two R;

= limi (z—-2)2z""1F(2)

2dz
o d , 2" (z —4)
_l]_l’)l’zlE(Z—Z) (Z—Z)z

d
= lirrz1—z”(z —4) = lirrzl(zn +nz" "z - 4))

dz
= (2" +n2"1(2 = 4)) = 2" + n2"1(-2)

=2" —n2" =2"(1 —n)

Z 4z | Il resid
Ryl b um of all residues

ym) =z7" [
y(n) =2"(1—-n)
16. Solve the difference equation
y(n) +3y(n—1) —4y(n—2) = 0,n = 2, given that y(0) = 3,y(1) = —2.
Solution:
let Z{y(n)} = F(2)
y(n)+3y(n—1)—4y(n—-2)=0,n=>2..(1)
Replacingn by n + 2 in (1), we get
y(n+2)+3y(n+1)—4y(n)=0,n=>0..(2)
Taking Z-transform on both sides in (2), we get
Z{yin+2)+3y(n+ 1) —4y(n)} = Z{0}
Z{y(n+2)}+ 3Z{y(n+ 1)} —4Z{y(n)} = 0..(4)  [By linear property]

Z{y(n + 2)} = z°F(2) — z*y(0) — zy(1) ...(4)



Z{y(n + 1)} = zF (2) — zy(0) ... (5)
Substituting (4) and (5) in (3), we get
z°F(z) — 22y(0) — zy(1) + 3(zF (2) — zy(0)) — 4F(2) = 0
z°F(z) — 32% —z(—2) + 3(2F(2) —32) —4F(2) = 0
(z2+3z—4)F(2) =322 +2z—-92=10

(z2+3z—4)F(z) =32z°+ 7z

Fz) =2 _ 322 + 7z
2) =20} = s,
_ g 322 + 7z
y(m) = z2+3z—4
322 4+ 7z z"(3z+7)

z" 1F(z) =z 1

Z2+32-4 @Z+4z-1)

To find poles:

z+4)(z-1)=0>z=-41
The poles are z = —4,1
Residue at the pole z = —4 of order one R;

= 1im4(z +4)z"1F(2)

zZo —

_ zZ"(3z+7)
- ZET4 @+4 z+4)(z-1)
o Bz+7) ("GEH+D
=, (z-1) (—4-1) =D

Residue at the pole z = 1 of order one R,
= lirq(z — 1z 1F(2)
Z—

zZ"(3z+7)

:zli—{ri(z_l)(z+4)(z—1)

_ z"(3z+7) 1"(3+7) _
TGz a+4a

3z° + 7z

= Z_l _
y(m) 72 4+3z—-4

= sum of residues

y(n) =(=H" + 2



17. Solve the difference equation
y(n+2)—7y(n+1) +12y(n) = 2" given that y(0) = 0,y(1) = 0.
Solution:
Let Z{y(n)} = F (2)
yn+2)—7y(n+ 1)+ 12y(n) =2"..(1)
Taking Z-transform on both sides in (1), we get

Z{y(n+2) — 7y(n+ 1) + 12y(n)} = z{2"}

V4

Z{y(n+2)} — 7Z{y(n + D} + 12 Z{y(n)} = P (2)  [By linear property]

Z{y(n + 2)} = z°F (2) — z*y(0) — zy(1) ... (3)
Z{y(n+ 1)} = zF(z) — zy(0) ...(4)

Substituting (3) and (4) in (2), we get

22F(z) — z2y(0) — zy(1) = 7(2F (2) — zy(0)) + 12F (2) = ﬁ

22F(2) — 22(0) — 2(0) — 7(zF (z) — 2(0)) + 12F (z) = ﬁ

(22 =7z + 12)F(2) = ——

z—2

VA
(z—=2)(z2-7z+12)

F(z) = Z{y(m)} =

S Z—l [ 4
y(m = z-2)Z -7z + 12)

z z"

z-2)(Z2-72+12) (z-2)z-3)z-4)

z" I (z) = 271

To find poles:

(z-2)z-3)(z—-4)=0=>2z=2,3,4

The polesarez = 2,3,4
Residue at the pole z = 2 of order one R;

= lirr%(z —2)z2"1F(2)
Z—

n

J— 1' z
B zl—%(z -2 (z=2)(z-3)(z—4)




z" 2"
= lim

= =2t
-2(z-3)z-4) @2-3)2-4)

Residue at the pole z = 3 of order one R,

= lirr%(z —3)z"1F(2)

Zn

(z-2)z-3)(z-4)

= lirré(z -3)

z" 3n
3 z-20GE-4 (3-2)3-4)
Residue at the pole z = 4 of order one R3
= lin}l(z —4)z"1F(2)
Zn
= li -4
imG =Y e =—e=0
z" 4 4

= G- G-DG-3) 2z

V4

yn) =271 [(z =7t 12)] = sum of all residues

1
y(n) =271 - 37 + > 4n

18.Solvey, , — 5Yui1 463 =1,7%0=1,y =1
Solution:
Let Z{y(n)} = F(2)

y(n+2)—-5y(n+1)+6y(n)=1..(1)
Taking Z-transform on both sides in (1), we get

Z{y(n +2) - 5y(n+ 1) + 6y(n)} = z{1)

Z{y(n+2)} - 5 Z{y(n + D} + 6 Z{y(n)} = % .(2)  [By linear propertyl
Z{y(n + 2)} = z*F(2) — z%y(0) — zy(1) ... (3)
Z{y@+ D} = 2F (2) — 2y(0) ... (4)

Substituting (3) and (4) in (2), we get

7°F(z) — z%y(0) — zy(1) — 5(zF (2) — zy(0)) + 6F (2) = %



22F(2) — 2% —2— 5(zF (2) — 2) + 6F (2) = Zf_l

(z2 =5z 4+ 6)F(z) — ZZ—Z+SZ=Z_1

(22—52+6)F(z)=%+ z? — 4z

z+ (Z2 —42)(z-1)
z—1

(z2 =5z+6)F(2) =

z+ (2 —42)(z-1)
(z—-1)(z%2 —5z+6)

F(z) = Z{y(n)} =

|zt (z2 —42)(z—-1)
(z—=1)(z%2 —5z+6)

ym) =2

z4+ (Z2—42)(z-1) B z”(l +(z—-4)(z- 1))

Zn—lF(Z) =z"1 Z-D—-5216) - (z — 1)(2 —-2)(z—-3)

To find poles:

z-1)(z-2)z-3)=0>2z=12,3
The polesarez = 1,2,3
Residue at the pole z = 1 of order one R;
= Zli_)rr}(z —1Dz"1F(2)

Z”(l +(z-4)(z- 1))
(z-1D(z-2)(z-3)

=lim(z—-1)
z—1

o "1+ @z-Hiz-1)) 1"1+0-H0-1) 1
o1 z-2@-3) | (d-20-3 2

Residue at the pole z = 2 of order one R,

= lirr%(z —2)z2"1F(2)
VAd

Z"(l +(z-4)(z- 1))
(z-1D(z-2)(z-3)

= lim(z — 2)
z— 2

M(1+Gz-Hz-1) 2"(1+2-H2-1) on

ST I DGZ-3 . 2-DZ-3)

Residue at the pole z = 3 of order one R;

= lirré(z —3)z"1F(2)
Z—>



Z"(l +(z—-4)(z- 1))
z-1D(z-2)(z-3)

= lim3(z -3)

"1+ z-9E-1)) 3*(1+B-HB-1) 3"

BT Zz-Dz-2)  3-1B-2) 2

|zt (z2 —42)(z-1)
(z—=1)(z2—-5z+6)

y(n)=Z = sum of all residues

1 1
— on _ _3n
y(n) >+ 23



